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Description

Artificial Intelligence

Coefficient of Performance

Cyber Physical System

Credible Simulation Process

Differential-algebraic equation

Functional Mock-up Interface for embedded systems

Functional Mock-up Interface (standard for model exchange and co-
simulation)

A model in FMI format (= FMU)

Functional Mock-up Unit (= an FMI component)
Heating, Ventilation and Air Conditioning

Long Term Archiving and Retrieval

Large-scale System

Modelling and Simulation

Standard for modelling of cyber-physical systems

Modelling and simulation information in a collaborative system
engineering context

Model/Software/Hardware in the Loop

Ordinary Differential Equation, where a Neural Network (NN) defines
its derivative function

Neural Network

Ordinary Differential Equation

Physics enhanced Neural ODE

Open Neural Network Exchange standard

Physics-informed Neural Network

System Structure and Parameterization (standard for connected FMUs)

Uncertainty Quantification
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1. Introduction

The use of machine learning in modeling physical systems enables more efficient
modeling with respect to accuracy, simulation speed, and effort. OpenSCALING focuses on
PeN-ODEs (Physically enhanced Neural ODEs), a non-standard application of neural
networks that combine NNs and physical equations in ODEs or DAEs. Currently, the
widespread use of PeN-ODEs in modeling and simulation of LSS is hindered by the lack of
appropriate training strategies, best practices, standards, and tool support. This
Deliverable lists standard enhancements and tool features, which will help to move from
custom interfaces and toolchains for the training of PeN-ODEs to native support in
simulation tools.

2. Standard Enhancements

Based on the input requirements from the demonstrators, and the capacities of the
contributing parties, the planned standard enhancements focus on extensions of the FMI
standard to enable holistic sensitivity analysis. This is essential for efficient and robust
training of setups with neural networks and FMUs. Additionally further applications as
advanced optimal control will profit from the standard extensions. The extensions are
outlined in the paper "LS-SA: Developing an FMI layered standard for holistic & efficient
sensitivity analysis over FMUs", submitted by UNA, DS, ABB and Keysight to the 16th
International Modelica and FMI Conference. A draft of this paper is attached to this
document [1].

Regarding eFMI, first prototype support for PeN-ODEs in Dymola showed that no standard
extensions are required. This is backed by demonstrator D4.2-01 developed by DLR and
Dassault Systémes, a neural quarter car vehicle model deployed as predictive controller on
an ECU. Here, the physics are modeled in Modelica, afterwards the PeN-ODE is trained
offline in PyTorch, and finally reimported as pure Modelica code with the tensor flow
modeled as multi-dimensional Modelica expressions in the NeuralNetwork Modelica
library. Based on this pure Modelica representation, eFMI tooling (Dymola and Software
Production Engineering of Dassault Systémes) can be used to generate embedded domain
suited code without the need for any eFMI standard extensions. To ease the definition of
online neural network parameter recalibrations (weights and biases), Dymola has been
extended with a new Modelica annotation enabling to mark nested parameter records for
exposure as eFMI tunable parameters. The approach of D4.2-01 is explained in detail in a
paper, which will be published at the 16th International Modelica and FMI Conference [2],
and is attached here as a draft.

Beyond FMI and eFMI, extensions in Modelica were discussed, leading to the conclusion
that the language holds any required feature to define different layers of neural networks
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(as shown for example in [2]), and no further standardization is needed. Proposals to
facilitate the definition or training of PeN-ODEs, will not be covered in the project, due to
limited resources and test options within the project, including:

* adjoint derivative annotation in Modelica

 function placeholder in Modelica, FMI, eFMI

3. Tool Features

3.1. OpenModelica

HSBI and LiU develop the following functionality for OpenModelica:
* Runtime for Dynamic Optimization used for PeN-ODE training [3] with following new
features:
o optimization of generic parameter dependent models
o seamless incorporation of physics aware constraints
> native Modelica (via NeuralNetwork library) with full DAE support
o workflow fully integrated in OpenModelica environment (no need to leave the tool)

* FMI functionality fmiXGetDirectionalDerivative, fmiXGetAdjointDerivative (required
for PeN-ODE training) and others on demand

» Support for unscalarized (parameter/variable) arrays and equations (WP3)

3.2. Dymola
Dassault Systémes developed the following extensions for Dymola:

* First prototype support—to be further improved —to avoid the scalarization of multi-
dimensional expressions representing tensor flows (also related to WP3). This is
needed to optimize code size for neural networks when generating embedded code via
the eFMI facilities of Dymola, for example in demonstrator D4.2-01 [2].

* Derivatives (delivered as part of Dymola 2025x Refresh 1):

o First public beta version for efficiently generating adjoint derivatives for FMUs
(fmiXGetAdjointDerivative). This has both been useful in itself, and as input to
layered standard [1]. Improvements are needed, in particular events are not
handled.

v1.01, Aug 7th, 2025 4
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> Both directional and adjoint derivatives now support dynamic state selection.

* New Modelica annotation to expose parameter record instances nested within models
as tunable eFMI parameters.

3.3. Software Production Engineering (former
name CATIA ESP)

No improvements so far, but planned are optimizations of generated production code for
better supporting multi-dimensional eFMI GALEC expressions.

3.4. FMIFlux.jl

UNA keeps developing the Julia library FMIFlux.jl that allows for modeling PeN-ODEs
based on FMUs. The following is under development:

 full implementation of the LS-SA prototype [1]:

o get/set discrete state

o

time gradients

o parameter sensitivities (already implemented)

o

efficient (state) sensitivities over event instances

error indicators

o

o

* various optimizations (e.g. usage of FMI dependency information for efficient Jacobian
sampling)

3.5. Modia

Modia is no longer under development.

3.6. SimulationX

Keysight (formerly ESI) develops prototypes of the named functionality for its system
simulation tool SimulationX:

* ONNX Runtime Interface to Modelica to import neural networks to system models

* implementation of functionality required for PeN-ODE training:
fmiXGetDirectionalDerivative, fmiXGet/SetFMUState

v1.01, Aug 7th, 2025 5
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» prototype implementation of the features that are planned to be standardized in LS-SA:
o get/set of a discrete state in FMI
o time gradient

o parameter sensitivities

3.7. TLK tools and libraries

TLK enhances its software products, in particular the TIL Suite, to utilize the standard
enhancements and newly developed Modelica tool features. This will enable using the
PeN-ODE methodology with system models based on the TIL Suite (e.g. demonstrator 1.4
and 1.6).

3.8. OPTIMAX ABB

OPTIMAX 1is developing PeN-ODEs functionality into the current AutoML (Automatic
Machine Learning) module, in order to support the physics-enhanced and data-driven
component creation.

* Phython-based PeN-ODEs model training workflow / pipeline (PyTorch, FMPy, etc.).

* Creating native modelica model with the help of NeuralNetwork library (HSBI and LiU)
within OPTIMAX tooling environment.

3.9. XRG tools and libraries

XRG integrates hybrid model generation + PeN-ODE training in its XRG JSCORE application.
In particular JSCORE will be extended by automated training + inference of PeN-ODEs as
well by a more user friendly geometry and results visualization. Furthermore we will
enhance our Modelica libraries SMArtInt / SMArtInt+ to support the newly developed
Modelica Standard features and to support computational efficient simultaneous
evaluation of large numbers of PeN-ODEs.

Attachments

Remark: the referenced publications are attached as draft versions to this document. The
final and official versions will be available in the Linkdping University Electronic Press
proceedings of the 16th Modelica Conference.

= [1] "LS-SA: Developing an FMI layered standard for holistic & efficient sensitivity
analysis over FMUs" Tobias Thummerer, Hans Olsson, Chen Song, Julia Gundermann,
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Torsten Blochwitz, Lars Mikelsons. Submitted to: 16th International Modelica & FMI
Conference, Lucerne, Switzerland, Sep 8-10, 2025.

= [2] "Hybrid Simulation Models for Embedded Applications: A Modelica and eFMI
approach" Tobias Kamp, Christoff Biirger, Johannes Rein, Jonathan Brembeck
Submitted to: 16th International Modelica & FMI Conference, Lucerne, Switzerland,
Sep 8-10, 2025.

= [3] "Efficient Training of Physics-enhanced Neural ODEs via Direct Collocation and
Nonlinear Programming" Linus Langenkamp, Philip Hannebohm, Bernhard
Bachmann. Submitted to: 16th International Modelica & FMI Conference, Lucerne,
Switzerland, Sep 8-10, 2025.
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Abstract

The Functional Mock-up Interface (FMI) is the standard
for exchanging industrial simulation models in a variety
of different applications. Although sensitivity analysis for
continuously differentiable systems is directly supported
by the standard, for systems with state discontinuities, it
is only possible to determine correct sensitivities to a lim-
ited extent. In this position paper, we investigate how
sensitivity analysis for discontinuous Functional Mock-up
Units (FMUs), i.e. including state and time events, works
in theory and which additional steps are required to obtain
correct results in practice. We further investigate that these
steps are unnecessarily computationally intensive from a
mathematical point of view, but cannot be implemented
in a more efficient way under the current restrictions of
the standard. We therefore make a concrete proposal for
the new layered standard sensitivity analysis (LS-SA) that
remedies the current deficits of FMI in the sensitivity anal-
ysis of discontinuous systems. In this way, LS-SA opens
FMI towards a variety of next-level applications — includ-
ing (scientific) machine learning and optimal control — by
providing fully differentiable FMUs under high computa-
tional performance.

Keywords: Functional Mock-up Unit, Functional Mock-
up Interface, Discontinuous, Events, Machine Learning,
Scientific Machine Learning, Neural FMU, Layered Stan-
dard

1 Introduction

We start by motivating the actual topic, followed by a brief
introduction to the relevant basics to understand the paper.

1.1 Motivation & Goal

The FMI standard was created to allow the exchange
of standardized models within and outside of company
boundaries. The topic of Sensitivity Analysis (SA) has
already played a role in the development of the standard,
for example, to be able to perform uncertainty assessments
on models. The groundbreaking developments in the field
of machine learning in recent years have led to an increas-

ing fusion of classical engineering disciplines such as sci-
entific computing with machine learning, establishing the
research field of Scientific Machine Learning (Baker et al.
2019; Rackauckas, Ma, et al. 2021). The backbone of (sci-
entific) machine learning is efficient SA. Therefore, in
our view, enhancing SA capabilities for FMUs is a crucial
step toward advancing the standard for future applications
in research and industry. This improvement will facilitate
the use of FMI in machine learning, advanced dynamic
optimization, and other fields.

Today, many industrial optimization platforms are used
to improve energy efficiency, reduce operational costs,
and improve sustainability in various sectors, for exam-
ple, ABB OPTIMAX® (Franke et al. 2008) and TLK-
Thermo (Petr, Tegethoff, and Kohler 2017). Such plat-
forms often operate based on FMUs because of the seam-
less integration of physics-based models and efficient han-
dling of complex multi-domain systems. Enabling proper
SA in FMUs becomes more and more important, because
many industrial optimization problems are highly nonlin-
ear, nonconvex and discontinuous.

While FMI already offers possibilities for SA, for
example for integration of FMUs into frameworks for
Automatic Differentiation (AD) (s. Sec. 3.4), these are
only sufficient to perform SA correctly for continuously
differentiable systems. However, for discontinuous sys-
tems, further measures are necessary for a correct SA, as
we will investigate further. This is of crucial relevance
for industrial applications, where most models include dis-
continuities.

In this position paper, we want to show what is cur-
rently possible in FMI and what should be made possi-
ble to be open to current and future research fields, e.g.,
neural FMUs (Thummerer, Mikelsons, and Kircher 2021),
the combination of FMUSs and Arifical Neural Networks
(ANNs). We start by investigating two applications of
current research that we believe should be made solvable
with FMI. We then examine the current interface offered
by FMI and collect requirements with respect to unsolved
tasks within these applications. Based on these require-
ments, we make concrete proposals for an extension of



FMI on the basis of a Layered Standard (LS), i.e. without
adjustments to the actual standard release. In parallel, we
are already working on a prototype implementation, i.e.
the suggestions made are already being tested.

In the following, we provide a brief introduction to the
foundational concepts necessary to understand the paper.

1.2 Functional Mock-up Interface (FMI)

The Functional Mock-up Interface (FMI) is an open stan-
dard that defines an interface to exchange dynamic mod-
els in the form of a ZIP container which stores the model
as a combination of XML files, binaries, and C code.
There are three major releases, the most recent version is
3.0.2 (Modelica Association 2024b), while version 2.0.5
might still be the release with the broadest implemen-
tation (Modelica Association 2024a). Motivated by dif-
ferent application scenarios for simulation models, FMI
supports three different simulation types, while we fo-
cus only on the most relevant for SA, which is Model-
Exchange (ME) and is further introduced in the next para-
graph. Because ME requires external implementation of
the solver and event handling routines, incorporation of
SA is more straightforward, for example compared to Co-
Simulation (CS). Throughout the paper, for readability
reasons, we only use the FMI3 command terminology, and
are also focusing specifically on the development of the
LS for FMI3. However, the proposed adjustments should
also be compatible with FMI2 and we try to highlight the
necessary adjustments if not.
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Figure 1. The ME-FMU and its interface signals. Figure
adapted from the official standard document (Modelica Asso-
ciation 2024b).

ME-FMUs provide an interface heavily motivated by
Ordinary Differential Equations (ODEs) (as further intro-
duced in 1.4) and are therefore paired with ODE solvers
to obtain a solution (referred to as simulation), see Fig. 1.

The FMI standard facilitates the transfer and exchange
of models in simulation tools. However, it has limitations,
when the calculation of a model’s sensitivity is required.

Layered Standard (LS) The development of the FMI
standard is subject to long release cycles to ensure quality
and safety of investments, as the standard is widely used
in industry. On the other hand, to allow innovation, in
FMI 3.0 the concept of Layered Standard (LS) was put in
place to be able to introduce new features in an optional
and backward compatible way (Bertsch et al. 2023). ALS
can add standardized annotations, standardized extra files,
and/or new C-API functions.

1.3 Sensitivity Analysis (SA)

Sensitivity Analysis (SA) in the context of FMUs involves
studying the influence on the quantities computed by the
model (e.g., outputs and state derivatives) w.r.t. variations
in quantities that are input to the model (like parameters,
states, and inputs). Among others, SA is especially useful
for parameter estimation, uncertainty quantification, and
optimization.

For example, in optimal chemical production schedul-
ing problems, a mixed-integer linear programming
(MILP) solver may be often trapped in suboptimal solu-
tions due to strict reactor start-up time constraints. One
can use SA to prioritize the most influential constraints
to prevent suboptimal schedules. Moreover, SA can sup-
port uncertainty quantification and risk assessment, as in-
dustrial systems operate under various uncertainties. By
evaluating the range of possible outcomes w.r.t. input vari-
ations, SA enhances confidence in optimization results.
A further practical example is in hydrogen plant sizing,
where SA can assess the impact of load fluctuations, future
demand uncertainties, and thermal constraints on trans-
former efficiency and longevity. This reduces the risk of
over- or under-sizing, ensuring that transformers operate
within safe margins while optimizing cost and reliability
(Gutermuth, Primas, and Bitta 2023).

Last but not least, efficient computation of SA is essen-
tial for many modeling and analysis tasks, including hy-
brid modeling (combining physical and machine learning
models) and scientific machine learning. Supporting SA
for FMUs is therefore a key enabler for integrating large-
scale industrial simulation models into data-driven work-
flows, es for example required in neural FMUs (Thum-
merer, Mikelsons, and Kircher 2021).

1.4 Ordinary Differential Equations (ODEs)

ME-FMUs without events can be interpreted straight-
forward as ODEs. The ODE within this work is denoted
with

x=fx,p;1), (1

where the function f is referred to as right-hand side, x the
system state, X the system state derivative, p parameters
and ¢ the time. Note that external inputs to the system
could be implemented by augmenting x or p. In this work,



we use this formalism for a simplified description of ME-
FMUs without events.

To solve an ODE, a variety of numerical integration
schemes exist, that are often incorporated into an abstract
definition for arbitrary ODE solvers:

x(t) = ODESolve(f,xo, p,to,t), )
where xy and f( are the initial state and time to solve the
ODE, (Hairer, Ngrsett, and Wanner 1992). To obtain a
time-discretized solution for f, ODESolve can be called
recurrently, leading to a simulation loop as in Alg. 1.

Algorithm 1 ODESim: Simple simulation loop without
events.
Input: right-hand side f
Input: time points #; for i € {0,...,N}
Input: initial state xy, parameters p
n=20 > initialize step counter
while 7, < ty do > final time not reached
Xn+1 = ODESC)lve(f)xnapatnathrl)
n=n+1
end while
Output: states X = {xg,...,xy}

In addition, this concept can be extended to ODEs in-
cluding events. Events are points in time where the system
is allowed to change discontinuously. The time point of an
event can be known in advance or depend on the system
state by defining an event indicator (Modelica Association
2024b). However, this requires a different interface for
ODESolve, because the termination time for the solver is
now not known beforehand (Hairer, Ngrsett, and Wanner
1992) and (Chen, Amos, and Nickel 2020):

t*, x(t*) = ODESolveEvent (f,c,xo, p,to,t).  (3)

Here, t* is the event time and the event function c is de-
fined as zero at any event time:

c(x(t), p.1*) = 0. @)

This is a simplified view, and in practice a common ap-
proach is to monitor changes in signs of a vector contain-
ing multiple event indicators, instead of an event function
stopping exactly at zero. An event often corresponds to a
discontinuous change in the function f. In essence, pro-
cessing events (so-called event handling) captures the fol-
lowing steps: The event time point is determined (by in-
vestigation of the event function zero crossing), the solver
is stopped, the discontinuous state change is performed
(here, by calling the event affect function a) and a fresh
integration is started from the new state after the event.
The event affect function a computes a new state for after
the event x(z") based on the quantities at time ¢~ before
the event, and is defined as:

x(tT)=a(x(t7),p,t7) =0. (5)

In the actual implementation, it is distinguished between
events that solely depend on time (time events) or also on
states (state events). A more detailed introduction on the
topic of event handling is not relevant for this work and is
omitted for brevity.

Algorithm 2 ODESimEvent : Simple simulation loop
with events.

Input: right-hand side f

Input: condition c, affect a

Input: time points ¢ for i € {0,...,N}

Input: initial state xo, parameters p

n=20 > initialize step counter
F=1 > init. current time
X=x9 > init. current state

while 7, < ty do > final time not reached
f,¥ = ODESolveEvent(f,c,X, p,f,tn+1)
while 7 # ¢, | do > next sol. time point not reached

X¥=a(%,p,f) > handle event
f,¥ = ODESolveEvent(f,c,%, p,f,t,11)
end while
Xnp1 =X
n=n+1
end while

Output: states X = {xg,...,xy}

Further, in the FMI specification, the concept of super-
dense time is applied, allowing events to be ordered even
if they are triggered for the same ¢. For reasons of clarity,
this was simplified within this work. In general, the FMI
specification (Modelica Association 2024a; Modelica As-
sociation 2024b) provides a valuable source for this topic
in detail.

2 Related Work

We now turn to related work on SA for FMUs, with a par-
ticular focus on discontinuous systems.

FMISensitivity.j The Julia library FMISensitivity.jl'
implements fully differentiable FMUs using built-in FMI
functions as far as available, while sensitivities not con-
sidered in FMI are approximated by finite differences.
Further, SA relevant to practice, in terms of reason-
able computing effort, requires additional but optional
FMI features, like fmi3Get/SetFMUState for getting
and setting the FMU memory state. The implemented
workarounds are investigated in more detail in Sec. 3. Be-
fore porting the functionality to FMISensitivity.jl in 2023,
these features were implemented as part of FMIFlux.jl.

Time-freezing This approach reformulates non-smooth
systems with state jumps into systems that appear smooth
from the perspective of a numerical solver (Nurkanovié,
Sartor, et al. 2021). It introduces a pseudo-time vari-
able and clock state to enforce the discontinuities to lay

"https://github.com/ThummeTo/FMISensitivity.
1.
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in the derivative rater than in the state itself. During the
frozen phases, an auxiliary dynamic system evolves the
state smoothly in pseudo-time to mimic the effect of the
jump. As a result, the original non-smooth problem is
more suitable to conventional ODE solvers without adding
integer variables. However, constructing such an auxiliary
differential equation is not trivial, and introducing pseudo-
time variables may increase the computational effort.

Finite Elements with Switch Detection (FESD) This
discretization scheme embeds switch detection directly
into the time discretization process (Nurkanovié, Sperl, et
al. 2024). Essentially, it detects state jumps using comple-
mentarity constraints and the collocation method. Hence,
FESD is able to pose the time points exactly where events
happen without relying on the event handling process. The
main challenges remain the implementation overhead of
a robust switch detection mechanism within a finite ele-
ment framework and the computational complexity due to
the increase of optimization variables and constraints. An
implementation of this, as well as the time-freezing ap-
proach, can be found as part of the NOSNOC software
package (Nurkanovi¢ and Diehl 2022).

CasADi In (J. Andersson and Goppert 2024), the in-
tegration of SA for discontinuous systems within the
CasADi tool (J. A. Andersson et al. 2019) is investi-
gated. The paper also gives a rough outlook on how to
make discontinuous SA available for FMUs under sim-
ilar considerations to those we make in the course of
this work. However, the authors omitted existing work
regarding SA for FMUs: Integrate-then-differentiate, as
well as differentiate-then-integrate approach, is available
since 20212 as part of FMIFIux.jl and since 2023 as part
of FMISensitivity.jl, both providing seamless integration
with SciMLSensitivity.jl (Rackauckas, Ma, et al. 2021) and
DiffEqCallbacks.jl (Rackauckas and Nie 2017) that pro-
vide implementations for a multitude of SA approaches.

Finite Differences The most obvious approach to SA
would be to perform numerical differentiation of the
output of ODESolve. There are two main disadvantages:
a high amount of numerical noise which can be avoided
by freezing the step-sizes and number of iterations or
alternatively by internally differentiating (Hairer, Ngrsett,
and Wanner 1992), and that the cost increases linearly
with the number of parameters — using adjoint equations
avoids this second issue. On the other hand, there is the
great advantage that even systems with discontinuities
can be analyzed, which is why this method can be found
in practical application despite its poor computational
performance.

However, all the investigated solutions are subopti-
mal from a mathematical perspective and are either not
generally applicable or scale insufficiently with the size

2Experimental 2021, stable release in 2022 (Thummerer, Stoljar, and
Mikelsons 2022).

of the problem due to limitations in FMI. This strongly
motivates the derivation of an addition to the standard
(Layered Standard), that is able to provide access to com-
putational efficient SA, while still being fully backward
compatible with FMI.

3 Requirements Analysis

In this section, we want to derive requirements for the LS.
The essential part of the requirements is the availability
of the various Jacobians that are needed for a correct
SA. However, it is important to remember that in many
cases we are actually interested in results of operations
including the Jacobian, rather than the Jacobian itself.
This especially captures Jacobian-Vector Products (JVPs)
and Vector-Jacobian Products (VIPs). Note that JVPs are
not only useful for SA, but also for solving large ODEs
(Ascher and Petzold 1998) with implicit solvers using
iterative approaches (e.g., Krylov subspace methods).

We start collecting requirements by investigating
two use cases that should enabled with the new LS. Both
applications share the question posed by SA, but look at
the actual problem from two different perspectives: while
a parameter optimization task (s. Sec. 3.1) is defined
by the problem of identifying sensitivities for variables
within the FMU, the neural FMU approach (s. Sec.
3.2) requires determination of sensitivities for variables
outside the actual FMU. As a result, different sensitivities
are required to solve both tasks.

3.1 Parameter Optimization

One of the most common applications of SA in the field
is the optimization of ODE parameters within a model,
often referred to as model calibration. When optimizing
ODEs, an objective [ is defined that is either minimized
(e.g., loss in supervised machine learning) or maximized
(e.g., reward in reinforcement learning). Typically, this
loss is not defined on the right-hand side of the ODE itself,
but on the solution of the ODE.

The gradient of a loss function defined on the ODE so-
lution X, can be derived by applying the chain rule:

di(X(p),p) _ (X (p).p) 9X(p) , I(X(p),p)
dp IX(p)  Idp dp

where the ODE solution X can stem from ODESim, as
well as ODESimEvent.

SA for ODESim As can be investigated in algorithm 1,
the consecutive evaluation of ODE Solve leads to the deter-
mination of X. On derivative level, this results in a chain
of Jacobians containing

(6)

OXpt1 . 8ODESOZV€<f,Xn,p,l‘n,tn+1)
dx, ox, ’

)

growing with every step of ODESolve that needs to be per-
formed to determine the required Jacobian dX /dp. Most



ODE solvers, for example explicit and implicit Runge-
Kutta methods, determine x,,; by one or more evalua-
tions of f. This results in differentiation of f with respect
to state and parameters, so df/dx, and df/dp. These
Jacobians can also be found by investigating the sensitivi-
ties required for the continuous adjoint method (Céa 1986;
Serban and Hindmarsh 2003; Sapienza et al. 2024). If the
right-hand side depends on time, further the time gradi-
ent df/dr is required. Of course, to obtain a complete
derivative chain, also the arithmetic operations inside the
ODE solver need to be differentiated. However, the de-
tailed chain of Jacobians depends on the type and imple-
mentation of the numerical solver and is therefore omitted.

SA for ODESimEvent Very similar to ODESim, sen-
sitivities for ODESimEvent can be collected by investi-
gation of algorithm 2. However, there are differences:
First, ODESimEvent also determines the event time t*
besides the system state, therefore differentiation over
ODESolveEvent results in determination of the Jacobian
dx*/dx, and the additional time gradient dt*/dx,. Sec-
ond, the event time t* depends on the zero crossing of
the event condition ¢, which involves differentiation of the
event condition with respect to its arguments, so dc/dx,
and dc/dr. These sensitivities can also be found by in-
vestigating the continuous adjoint method for event-ODEs
(Chen, Amos, and Nickel 2020; Pfeiffer 2008). Finally,
also the derivative of the new state after the event is needed
by differentiation of the affect function a, in particular the
Jacobian of the state after the event w.r.t. to the state be-
fore the event dx* /dx™.

SA for calculated Parameters In practice there are of-
ten also calculated parameters b = g(p) that are computed
at the start of the simulation. These calculations may be
trivial (e.g., calculating the mass based on the density and
volume parameters), or complicated, as, for example, cal-
culating polynomial coefficients based on curve fitting.
The set of parameters can be extended to calculated pa-
rameters to accumulate sensitivities with respect to b and
then only compute the VIPs for dg/d p once. Differentiat-
ing these functions should be straightforward even if they
are not needed for analytic Jacobians. Parameter subex-
pressions can be treated together with calculated parame-
ters, as we are not interested in individual calculated pa-
rameters but only in their overall impact.

3.2 Neural FMUs

In (Thummerer, Mikelsons, and Kircher 2021), neural
FMUSs where introduced as the combination of FMUs,
ANNSs and a numerical ODE solver. In the easiest case,
only a single FMU and a single ANN are connected. Even
if a common scenario is the modification of the FMU state
derivative by the ANN, a variety of different combination
schemes are possible. Whereas neural FMUs are in gen-
eral not restricted to ME-FMUs, we only focus on ME
within this work, because we see this as more relevant for
the topic of proper SA, and it is definitely more relevant

within the topic of neural FMUs. However, we give a short
outlook on CS in the conclusion section.

As introduced, within neural FMUs, no restrictions are
made with respect to the connections between the FMU
and ANN(s). To make this more tangible, in Fig. 2 all pos-
sible positions to extend a ME-FMU by ANNSs are given.
In addition to the theoretical possibility of doing this, there
is of course also the question of practical relevance, which
we shall examine below by a brief investigation of fields
of applications:

* One of the first applications of hybrid modeling (in
terms of combining physical and machine learning
models) was the correction of parameters by an
ANN (Psichogios and Ungar 1992). This is still a
meaningful measure within similar applications.

* The most valuable point of intervention is the cor-
rection of state derivatives. Note that this allows,
for example, to incorporate additional forces (like
friction) to a system because forces act on the state
derivative (acceleration). Manipulation of the state
derivative allows us to change the entire behavior of
the system because it allows us to overwrite or extend
the actual right-hand side of the ME-FMU.

* Time can be manipulated to induce, e.g., time shifts
to compensate for unsynchronized measurements. In
the parallel contribution (Thummerer, Jarmolowitz,
et al. 2025), this is investigated.

* By changing the system input, corrections can be
made to faulty signals. This further opens up the
topic of learning an input trajectory to achieve op-
timal control.

* If only the system outputs (or local variables) are
changed, the correction is learned on top of the sim-
ulation performed, without actually influencing the
ODE solution, leading in general to less generaliza-
tion within the ANN. However, this can still be use-
ful in applications where generalizability is less im-
portant.

* Manipulation of event indicators allows, for exam-
ple, for augmentation of the event indicators to
learn for not modeled event conditions and therefore
new discontinuities.

* Correcting the system state before passing it to
the FMU allows for correcting modeling errors like
general shifts in state-space (Thummerer, Mikelsons,
and Kircher 2021) or equilibrium position for fluid
simulations such as in (Thummerer, Tintenherr, and
Mikelsons 2021).

Based on the finding that such architectures have prac-
tical relevance, the question arises as to which sensitivities
are required for optimization including such architectures.
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Figure 2. The neural FMU (ME), showing possible intervention points where ANNs can be incorporated to extend the ME-FMU.
Individual ANNs could be used for each signal, or all causal input ANNSs (p, u, t and x.) could be merged to obtain a single input
ANN (purple, dashed silhouettes). The same applies for the causal output ANNSs (w, y, X, and z). The discrete-time state x; and the
buffer b are not accessible from outside the FMU within the standard definition, granted access to x, is part of the LS-SA, however.

Since all possible permutations of existing ANNs are to
be investigated, it is expedient to assume the most com-
plex case: All ANNSs are incorporated.

3.3 Required Sensitivities

Based on the two fields of applications introduced and
the corresponding observations, all necessary sensitivities
are collected below. It is required to allow for JVP and
VIP operations involving the Jacobians® dy/dv, where
v € {t,x;,u,p} and y € {%.,z,y,w}. Furthermore, the ac-
tual event affect function that computes the new state of
the system after event x; based on the system state be-
fore the event x is required but neglected in the picture to
be compatible with the illustration in the standard specifi-
cation. Furthermore, sensitivities are required not only for
the continuous state, but also for the entire state of the sys-
tem, which additionally requires the discrete state x;. In
summary, the required sensitivities are v € {r,x.,x, ,u, p}
and '}/6 {xcyxj_ax;vzy.%w}'

3.4 Available methods within FMI

In FMI, there are two commands available that
allow to access partial derivatives over an FMU.

3For the case of ¥ = ¢ (scalar time) it is more common to refer to a
gradient than Jacobian.

First, fmi3GetDirectionalDerivative allows for
JVP-multiplication with a custom seed vector, while
fmi3GetAdjointDerivative provides functionality
for VIP-multiplication. Although this does not allow one
to directly access the Jacobians, it allows a straightforward
integration within AD frameworks. Forward-mode AD in-
volves consecutive evaluations of JVPs, which allows for a
natural propagation of the current sensitivity seed through
the FMU with fmi3GetDirectionalDerivative. The
other way round, for reverse-mode AD, consecutive VJPs
are computed and fmi3GetAdjointDerivative pro-
vides an interface for backpropagation of the adjoint sen-
sitivity (or co-tangent) through the FMU. However, there
are two issues with these commands: First, the implemen-
tation is optional, and, therefore, only a fraction of tools
support these commands. Second, and even more impor-
tant, not all required sensitivities (value references) are
accessible by these commands, event if they are imple-
mented. This is investigated in detail, along with solution
proposals, in the next section.

4 Layered Standard

In the following subsections, we investigate all open issues
derived from the introduced applications. For each issue,
we will highlight the problem and available workarounds.



Workarounds already implemented within FMISensitiv-
ity.jl and FMIFlux.jl are briefly described below. Finally,
possible solutions and their technical implementation in
the form of a LS are investigated. We explicitly try to
reuse the existing command interface as much as possible,
as we want to minimize the implementation effort in the
tools and enable a wide adaptation of the LS-SA.

4.1 Event condition

The FMI standard allows for the calculation of derivatives
of state derivatives x and outputs y with respect to states x
and inputs u. If the system is subject to events, a complete
SA requires the sensitivity of the point in time where an
event occurs. As indicated in subsection 3.1, this requires
derivatives of the event condition, or as it is named in FMI,
the event indicator. Since FMI3, event indicators are part
of the model variables (so they are exposed), which was
not the case for FMI2. Within the FMI specification, there
is no restriction that prohibits providing sensitivities for
event indicators via the directional or adjoint derivative
commands, however it is also not enforced.

Workaround The only generally applicable
workaround to obtain partial derivatives w.r.t. event
indicators is to sample them via finite differences. This
way it is implemented in FMISensitivity.jl. The required
number of samples scales linearly with the Jacobian size
to multiply with, that is, linearly with the number of rows
for forward AD or the number of columns for reverse AD.

Proposed Solution (LS-SA) The proposed solution for
the LS-SA is straight-forward: Because the model vari-
ables of the event indicators are already known in FMI3,
it is only necessary to provide sensitivities for the event
indicators via fmi3GetDirectionalDerivative and
fmi3GetAdjointDerivative. For FMI2, it is addition-
ally required to expose the event indicators in the same
way as they are exposed in FMI3, by adding the corre-
sponding entries to the section <ModelStructure> in
the model description.

4.2 Discontinuous State Change

After the event is handled, the numerical integration is
restarted with a new state x™. However, also this new state
may depend on the state before the event x~, time, inputs
before the event and/or parameters. These sensitivities are
not present within FMI — in general, it is not possible to
access sensitivities w.r.t. to quantities before an event after
event handling was performed.

Workaround One could sample the required sensitiv-
ity by restarting the simulation and disturbing the inves-
tigated variable right before the event (finite differences).
This is computationally infeasible, because this requires a
new simulation for every required sensitive state / input /
parameter.

In FMIFlux.jl, a much more performant approach is im-
plemented, however, this requires the optional FMI fea-
tures fmi3Get/SetFMUState. If these commands are

available, a memory snapshot of the FMU can be made
right before the event. In this way, sampling becomes
much more efficient because the snapshot can be used to
reinitialize right before the event to disturb the signals for
sampling, instead of starting a new simulation. In this way,
the complexity reduces to only performing one evaluation
of the system of equations rather than performing an entire
simulation.

Proposed Solution (LS-SA) The challenge is that the
x* and x~, which are required for the Jacobian dx* /dx~,
represent the same state (model variable) at different lo-
cations in (super-dense) time. In FMI, there is no mecha-
nism to access partial derivatives w.r.t to the same variable
at different points in super-dense time, because the state
before and after the event have the same value reference.

However, in the Modelica modeling language, previ-
ous values before event handling can be accessed using
the function pre. We therefore propose to introduce new
model variables that can be used to access previous val-
ues of states. This captures the continuous, as well as
the discrete-time state. Because derivatives of continu-
ous states are introduced with the derivative keyword
within the definition of the model variable, we propose
a new keyword previous for previous states before the
event. A code snippet for this is given in Listing 1.

Listing 1. Example for a state definition within the model de-
scription, including the new previous attribute.

<Float64
name="mass.s"
valueReference="33554432"
description="absolute position of mass"
unit="m"

</Float64>

<Float64
name="der (mass.s)"
valueReference="587202560"
description="derivative of
unit="m/s"
derivative="33554432">

</Float64>

<Float64
name="pre (mass.s)"
valueReference="587202561"
description="previous value for mass.s"
unit="m"
previous="33554432">

</Float64>

mass.s"

In case of multiple events occurring at the same point in
time, the previous model variable actually refers to the
previous value before the last event handled, and not the
value before the first event at the time instant. Finally, note
that this measure is not necessary for other relevant inputs
like u and p, because they do not change in super-dense
time, for example dx* /dp~ = dx* /dp™.

4.3 Time Gradients

As investigated, the gradient with respect to time is
needed. Since FMI3, time (or the independent variable



in general) is registered as special model variable with
causality="independent". However, there is no en-
forced possibility within FMI to request partial derivatives
w.r.t. time.

Workaround As for the event condition, the influence
of time, e.g. on the state derivative or outputs, can be sam-
pled straightforwardly during continuous time by disturb-
ing only the time and re-evaluation of the FMU.

Proposed Solution (LS-SA) We would like to enforce
that directional and adjoint derivatives are allowed to be
requested w.r.t. the independent variable during continu-
ous time.

4.4 Event Time

In addition to event indicators that depend on state and
time, events can be registered solely depending on time.
The time of these events is known exactly, but only step-
wise, the next event time is determined during initializa-
tion (the first time event) or during event handling (for the
upcoming time events). Such events are not determined by
zero crossings of event indicators, hence their influence on
the FMU’s outputs has to be determined separately.

Workaround To calculate the influence on the current
state or parameter on the next event time, a sampling-
based approach is used as for the state change in the pre-
vious Sec. 4.2: Before actually handling the current time
event, a memory snapshot (fmi3GetFMUState) is per-
formed, and the influence of the state and parameters can
be successively sampled by disturbing one input to SA,
handling the time event and quantifying the influence on
the determined event time. This requires at least one sam-
ple (one event handling procedure) for every state and pa-
rameter in the system and is therefore expensive for large
simulations.

Proposed Solution (LS-SA) As outlined, the next event
time may also depend on the current time. Therefore, it
is not sufficient to require the time to be defined as model
variable (cf. Sec. 4.3), but necessary to require an addi-
tional one for the next event time. This enables to calcu-
late the sensitivity of the next event time w.r.t. state and
parameters as well as the influence of the current event
time on the next event time. Although these sensitivities
are required for SA at the next event, they already have to
be calculated at the current event and need to be cached.

4.5 Parameter Sensitivities

Even if FMI supports functions to obtain directional
derivatives, it is important to state that parameter sen-
sitivities are not available during the actual simulation.
Even tunable parameters are only available in event mode
(Modelica Association 2024b), which is not useful dur-
ing continuous-time simulation. This is of course a huge
problem and actively prevents parameter SA for FMUs.
There are also good reasons to not treat these parameters
as tunable, as we are often (e.g., in case of parameter SA)

considering the impact for the entire simulation. Further-
more, tunable parameters can complicate the storage of
the memory state, and SA requires storing a large number
of memory states.

Workaround To our knowledge, there is no obvious
workaround to this. However, we observed that some
FMU implementations do not implement this limitation
and provide correct parameter sensitivities even during
continuous-time mode.

Proposed Solution (LS-SA) The proposed solution is
straightforward: Within the LS, we enforce that parameter
sensitivities (at least for tunable parameters) must be
accessible via the already existing interface for directional
and adjoint derivatives.

Beyond the listed issues, we would also like to add
requirements for the application of neural FMUs in the
field. In addition to the mathematical considerations for a
comprehensive SA, the optimization or training process
can be made more efficient and robust with the following
enhancements.

4.6 Get/Set Discrete State

A common technique in the training of neural FMUs, and
in machine learning in general, is mini-batching. Train-
ing data is divided into chunks called mini-batches, and
parameter gradients are determined for each chunk rather
than the entire dataset. A new batch is selected for each
training step, either algorithmically or randomly.

If mini-batching is paired with neural FMUs, or mixed
continuous-discrete systems in general, a new challenge
pops up: The system needs to be initialized for the ini-
tial state of every mini-batch. This covers the continuous
state, but also the discrete-time state of the FMU. Note
that the discrete state can influence the system dynamics,
in the extreme case, the discrete state can be used to switch
between completely different sets of equations for the con-
tinuous right-hand side. In this case, the discrete state is
sometimes referred to as mode of the system.

By default, FMI completely hides the discrete-time
state of the FMU. It is neither readable nor writable from
the outside. However, this is required to initialize the sys-
tem based on data. However, it is important to state that
for proper initialization the continuous and discrete states
must match. Depending on the system model, not every
combination of continuous and discrete states is meaning-
ful and leads to a solvable system.

Workaround For now, FMI does not provide an in-
terface to directly access the discrete state, but an inter-
face to catch it indirectly. The corresponding commands
are fmi3Get/SetFMUState, which create (or activate)
a memory copy of the entire FMU memory state, includ-
ing the continuous and discrete state, but also additional
variables, such as starting values for iteration of algebraic
loops. It is also important that commands for the memory



states are declared optional in the FMI specification and
only a fraction of tools implemented these.

Furthermore, while these commands can be used to re-
visit a discrete state after capturing it once, they do not
allow one to actually modify the discrete state. For exam-
ple, if the system needs to be initialized in a very specific
discrete state, one needs to guide the system to this spe-
cific state, e.g. by controlling inputs, in order to capture
the intended discrete state. This is an immense effort and
is generally not feasible in the case of a complex simu-
lation model. This workaround should therefore only be
regarded as a makeshift solution.

Proposed Solution (LS-SA) Even if this step is associ-
ated with technical challenges, we see no alternative to al-
lowing reading / writing of the discrete state of the system,
as is allowed for the continuous part of the state within
FMI. We propose the following additions to FMI:

1. Because the data type of the discrete state
may vary, compared to the continuous state
which is always Float64 / Float32, we
do not suggest introducing new commands
such as fmi3Get/SetDiscreteState. We
propose to reuse the existing commands for
reading/writing variables of the FMU, like e.g.
fmi3Get/SetInt32. This way, no new commands
are introduced, which we see as the main obstacle
when implementing a LS, and there is no problem
with multiple data types used for the discrete state,
as it can be set/get by multiple consecutive calls (e.g.
mixing boolean and integer values).

2. The value references of the discrete states must be
made available from outside the FMU, in order to al-
low for setting/getting the discrete state. We propose
to add this information to the model description, as
part of the section <ModelStructure>. There, we
like to add a new section <DiscreteState>, where
value references of discrete states are listed in the
same way as, e.g. for outputs. Because FMI does not
allow us to add new fields to the standardized model
description, the addition of fields does not happen
within the existing model description. Technically
speaking, a separate file is created consisting only of
the new fields and a minimum representation of the
model description XML tree around.

3. Discrete states are only required to be settable in
event mode (where the discrete state changes during
regular simulation), and we propose to require trig-
gering event handling consecutively to ensure that
the given continuous states match the discrete states.

4.7 Comply with Assertions

The use of assertions when modeling large systems is
a meaningful measure in developing correct and easily
maintainable simulation models. Typically, assertions are

formulated in binary form, i.e. they remain unnoticed
until a condition is violated. The existence of an assertion
and the monitored condition cannot be seen outside
the FMU. This has drastic effects on the application of
hybrid modeling with FMUs (e.g. neural FMUs). If, for
example, the system dynamics is changed by an ANN,
the violation of a condition within an assertion can only
be detected when it is already too late and an exception
is thrown, which often leads to the termination of the
simulation and thus the SA.

To our knowledge, there is no workaround to this.

Proposed Solution (LS-SA) We propose to introduce
a concept related to the event indicator interface, which
we call straightforward error indicators. Error indicators
provide a distance measure for the violation of modeling
errors. Unlike event indicators, the sign is important. Neg-
ative error indicators identify the non-existence of a mod-
eling error, whereas positive error indicators show that a
modeling error occurred. For the case of at least one posi-
tive error indicator, we do not expect the FMU to provide
meaningful values, e.g. returning fmi3StatusError or
fmi3StatusDiscard for calls to fmi3GetX. To imple-
ment error indicators, we propose the following modifica-
tions:

1. Error indicators are introduced as model variables
in the same way as event indicators, and are made
public in the section <ModelStructure> in the
model description, where we add a new subsection
<ErrorIndicator>, again in the same way as for
<EventIndicator>. As for the discrete state in
4.6, this measure is implemented in a parallel model
description file and not by modification of the stan-
dardized FMI model description.

2. To make the values of error indicators accessible, two
obvious strategies are available. First, the error indi-
cators could be accessed through fmi3GetFloat 64
as any other (Float 64) model variable. For now, we
see no reason to not enforce all error indicators to
be of type Float 64 (for 64-bit FMUs). Second, be-
cause all event indicators share the same data type,
a new command could be introduced in analogy to
fmi3GetEventIndicators, see code 2, that al-
lows capturing all error indicators at once.

3. As proposed for event indicators, we also like to keep
error indicators differentiable. Although this is not
required for proper SA, this opens up an interesting
and valuable new use case: Explicit regularization. If
not only the distance to an error is known, but also in
which direction parameter changes influence the er-
ror (gradient), error indicators can be used to actively
prevent errors during training, for example by adding
the (differentiable) error indicators to the training ob-
jective as additional summands (referred to as regu-



larization terms). Sensitivities could be accessed in
analogy to the event indicators.

Listing 2. The new error indicator function.

typedef fmi3Status fmi3GetErrorIndicators(
fmi3Instance instance,
fmi3Float64 errorIndicators(],
size_t nErrorIndicators);

Although we consider all the proposed measures within
this section important, we have sorted them in descending
priority order (with the aim of carrying out a correct SA)
in order to support a targeted implementation.

5 Conclusion

In summary, we have investigated the opportunities that
already exist for SA in FMI. By investigating two ex-
ample applications (parameter SA and neural FMUs), we
were able to identify deficits, particularly in the analysis of
discontinuous systems. We went on to consider how we
could close these gaps (mathematically and technically)
and made a concrete proposal for the LS-SA, which will
be able to solve the issues investigated under reasonable
computational performance.

Current & Future Work Even if the LS is not yet
fully implemented, a dedicated working group within the
research project OpenSCALING, including tool vendors,
users, and academia, continues to develop and implement
the LS to be able to publish it during the project period.
As soon as more prototypes of tool implementations are
available, we want to examine and quantify the practical
computational benefits of the LS besides the theoretical
considerations.

One major part of future work is a more detailed inves-
tigation and specification of the proposed measures, e.g.
it is necessary to specify allowed (or forbidden) attributes
for the newly introduced model variables.

Of course, the development of LS-SA is also strongly
driven by specific applications for which we are aiming,
which will benefit greatly from the realization of the stan-
dard extension. For example, training of neural FMUs, the
combination of ANNs and physics-based simulation mod-
els captured in an FMU, will benefit from a significantly
faster training process (multiple factors, depending on the
number of states and events).

In theory, the proposed LS-SA can be extended for CS-
FMUs. However, this introduces additional challenges
because parts of SA, which are now part of the simulator,
need to be incorporated to the FMU. Further, a clever
interface needs to be discussed that allows for efficient
determination of sensitivities, for example by defining
required sensitivities before starting the actual simulation
(e.g. during the setup of experiment).

This publication lays the methodological foundation
for further discussions on a large and importing topic
within the standard, as well as prototype implementations

within importing and exporting tools. It is important
for us to point out that the LS is in active development,
but not officially released. We would like to draw the
community’s attention to the development, as well as
the intended measures, and we hope to achieve a broad
discussion of this topic in the community so that a strong
LS with broad adoption can emerge from this. We
welcome any kind of participation.
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Abbreviations

AD Automatic Differentiation

ANN Arifical Neural Network

CS Co-Simulation

FMI Functional Mock-up Interface

LS Layered Standard

FESD Finite Elements with Switch Detection
FMU Functional Mock-up Unit

JVP Jacobian-Vector Product

ME Model-Exchange

MILP mixed-integer linear programming
ODE Ordinary Differential Equation

SA Sensitivity Analysis

VJP Vector-Jacobian Product
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Abstract

Hybrid simulation models combine physics equations
with trainable components to improve simulation results
and performance. Physics-enhanced neural ordinary dif-
ferential equations (PeN-ODE) are a promising type of hy-
brid models that combine artificial neural networks (NN)
with the differential equations of a dynamic system. Dy-
namic simulation models are often part of embedded con-
trol algorithms of cyber-physical systems (CPS); compli-
ance with the safety and real-time requirements of such
embedded environments is, however, challenging.

In this work, we propose a workflow to incorporate
trained NNs in Modelica models to form hybrid simula-
tion models that are PeN-ODEs. We thereby focus on
the transformation steps from equation-based trained PeN-
ODE:s in Modelica towards causal solutions suited for the
embedded domain — up to and including MISRA C:2023
compliance checks and final software-in-the-loop (SiL)
tests of generated production code in the modeling en-
vironment — for which we leverage eFMI standard com-
pliant tools (Dymola and Software Production Engineer-
ing). It is of particular interest how the trained NNs of
the hybrid model are implemented. We present two ap-
proaches: (1) generation of C code using existing Open
Neural Network Exchange (ONNX) tooling and (2) pure
Modelica code with the tensor-flow represented as multi-
dimensional equations. Both approaches are discussed,
highlighting why (2) is, in the long run, a better option
given the eFMI technology space.

Keywords: Hybrid modeling, neural network, machine
learning, embedded system, Modelica, eFMI, Physics-
enhanced Neural ODE, recalibration

1 Introduction

Two important objectives for system engineers that try to
improve their simulation models are (1) minimizing the
simulation-to-reality gap and (2) optimizing the model
with respect to the simulation performance. In addition to
traditional methods, machine learning (ML) methods offer
varying data-driven approaches (Rai and Sahu 2020). Ad-
dressing the first objective in this context typically means
using ML methods to learn (missing) dynamics from real-
world measurements, thereby enhancing the predictive ac-

Training

Deployment

Figure 1. Development workflow of hybrid simulation models,
including final deployment on the embedded target of a cyber-
physical system.

curacy. To approach the second objective, surrogate mod-
els can be trained to replace computationally expensive
components, using these very components to generate the
necessary training data.

It has been shown that dynamical systems can be thor-
oughly represented by recurrent neural networks (RNN)
(Funahashi and Nakamura 1993), physics-informed neu-
ral networks (PINN) (Raissi, Perdikaris, and Karniadakis
2019; Cuomo et al. 2022), or neural ordinary differ-
ential equations (NODE) (Chen et al. 2018). Hybrid
models (Willard et al. 2022) that directly combine train-
able components with physics equations usually yield
better stability, data efficiency and interpretability. In
this study, we focus on a type of hybrid model known
as physics-enhanced neural ordinary differential equa-
tion (PeN-ODE). PeN-ODEs combine ordinary differen-
tial equations (ODE) and artificial neural networks (NN)
in a meaningful way (Kamp, Ultsch, and Brembeck 2023).
The NNs are trained within the model-equations to cap-
ture missing non-linear effects or quantities to improve
the predictive quality of the model. The implementation of
PeN-ODEs is relatively straightforward, as it requires only
the extension of the right-hand side of the ODE-system
x(t) = f(x,u,t) with NNs. For the training and simula-
tion of PeN-ODEs, well-established numerical integrator
algorithms can be used.



Figure 1 sketches the general development workflow of
hybrid models for system simulation, eventually deployed
in a cyber-physical system (CPS). Assuming an equation-
based model in a simulation environment, such as a Mod-
elica! model in Dymola?, is already available, the process
is covered by Steps 1-4:

Step 1 (Export): The physics equations of the model are
exported into an ML training environment (e.g., Py-
Torch? in Python* or Julia®).

Step 2 (Extension & training): The physics equations
are extended with NNs to form a hybrid model (the
PeN-ODE) that is typically trained using gradient-
based optimization methods.

Step 3 (Re-import and simulation): The trained PeN-
ODE or the NNs are re-imported into the simu-
lation environment, enabling simulative validation
and combination with other, non-hybrid model parts
and/or control algorithms of the CPS.

Step 4 (Embedded application): The PeN-ODE is
transformed into an implementation suited for
deployment on an embedded target of the CPS.

In this study, we assume that the PeN-ODE is already
trained — i.e., Steps 1-2 have been accomplished — for
example using techniques presented by Thummerer et al.
(2022). Thus, we present solutions for Steps 3-4, i.e., the
incorporation of trained NNs in Modelica models with the
ultimate goal to apply the whole PeN-ODE on an embed-
ded system. The latter objective (Step 4) typically com-
prises compliance with complex, non-functional embed-
ded domain requirements such as:

4a: MISRA:C 2023 compliance (The MISRA Consor-
tium 2023).

4b: Restricted dependencies on libraries and frameworks.

4c: Worst execution-time and memory-consumption

guarantees.

4d: Self-dependent implementation of the PeN-ODE,
with its ODEs inline integrated to a level where only
linear solver calls are required; such extensive in-
line integration is typically required to achieve (4b)
and (4c), since non-linear solvers jeopardize (4b) and

likely violate (4c).

4e: Strict error-handling concepts, especially in case of
unexpected Positive or Negative Infinity and Not-a-
Number (NaN) results of floating-point operations
(IEEE 2019).

'https://modelica.org/language
https://www.dymola.com
3https://pytorch.org
“https://www.python.org
Shttps://julialang.org

4f: Software-, processor- and hardware-in-the-loop (SiL,
PiL. & HiL) tests which are ideally derived from
model-in-the-loop (MiL) tests defined in the simu-
lation environment.

To comply with these requirements is of uttermost impor-
tance for CPS applications and especially relevant in con-
trol engineering, where Step 4 often is the ultimate objec-
tive for hybrid models. A typical use-case is to obtain a
reduced order/surrogate model for unknown physics or to
achieve acceptable performance in an embedded environ-
ment where computational resources are scarce.

An important question with respect to Step 4 is how the
trained hybrid model —i.e., the PeN-ODE as the source for
the embedded solution — looks like. The training and re-
import of Steps 2-3 do not necessarily yield a model with
the same abstraction level as the original equation-based
model. For example, the approach of Thummerer et al.
(2022) relies on the Functional Mock-up Interface® (FMI)
for training and re-import. However, a Functional Mock-
up Unit (FMU) is binary code or C source code. This
means that the original physics equations are causalized
and thus no longer explicitly available in the PeN-ODE.
If only the NN parts of the PeN-ODE are re-imported as
FMUs, manual integration with the original physics of the
model is required. In any case, the tensor-flows of the NNs
are hidden inside the FMU.

Thus, starting from an equation-based Modelica model,
Steps 2-3 may yield a model with lower abstraction lev-
els than the acausal equations. This holds also for ap-
proaches that use the Open Neural Network Exchange’
(ONNX) format for trained NNs, or any low-level code
implementation derived from that. Although re-importing
such an implementation into an equation-based Modelica
model for the sole purpose of simulation usually poses no
issue, e.g., via FMI or the approach presented in Section 3,
generating embedded code for the whole hybrid model is
troublesome because the non-equation parts hamper com-
pliance with requirements 4b-e. In particular, the ODE
inline integration for the PeN-ODE (4d) is challenging,
but also fulfilling requirement 4e is difficult without equa-
tion knowledge. If, on the other hand, Steps 2-3 yield a
trained hybrid model whose physics and NNs are mod-
eled as equations or ODEs, the simulation tool can lever-
age its existing numeric and symbolic manipulations and
optimizations to find an algorithmic, causalized inline in-
tegration with only linear solver calls.

In the following, we investigate how the tensor-flow
of trained PeN-ODEs can be preserved as equations in
Step 3, such that Step 4 can leverage existing code gen-
eration facilities of the equation-based simulation tooling,
which yields a toolchain from acausal physics equations
with trained NNs down to safety-critical, hard real-time
capable embedded code satisfying 4a-f. The key enabler
for Step 4 is the Functional Mock-up Interface for em-

Shttps://fmi-standard.org
https://onnx.ai
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tire

Figure 2. Scheme of the simple quarter vehicle model (QVM)
comprising the body and wheel masses, a spring to represent the
tire and a spring-damper pair for the suspension. The model in-
put is the road height z,,44; the vertical wheel and body positions
Zy and z;, are the model outputs.

bedded systems8 (eFMI). The final toolchain relies on the
Dymola Modelica tool for equation-based physics model-
ing and simulation (Step 1), PyTorch for PeN-ODE train-
ing (Step 2), and the eFMI support of Dymola and Soft-
ware Production Engineering® for embedded code gener-
ation (Step 4). In order to re-import the tensor-flows of
trained PeN-ODEs as equations in Dymola (Step 3), we
developed a simple Modelica code generator leveraging
the open source NeuralNetwork'? Modelica library.

The rest of the paper is organized as follows: Sec-
tion 2 presents a motivating case-study which requires the
deployment of a trained PeN-ODE on an embedded tar-
get and recalibration of NN parameters during runtime.
Section 3 presents the C code generation from ONNX
models via onnx2c!! as a first approach for Steps 3-
4. Sections 4 and 5 investigate our final solution for
Steps 3-4, i.e., a Python to Modelica generator and eFMI
with Dymola and Software Production Engineering. Sec-
tion 6 presents future work, most importantly avoidance of
scalarization of tensor-flows in embedded code, and Sec-
tion 7 finally summarizes the related work regarding hy-
brid models and embedded code generation in Modelica.

2 Quarter vehicle model case-study

We showcase the suitability of the proposed toolchain for
embedded code generation of PeN-ODEs (Step 4, a-f)
by conducting a case-study for a quarter vehicle model
(QVM) that represents the vertical driving dynamics of a
road vehicle. QVMs are commonly used in the domain
of vehicle dynamics to represent the dynamics of the sus-
pension for controller synthesis and as prediction models

8https://www.efmi-standard.org

https://my.3dexperience.3ds.com/welcome/compass-
world/3dexperience-industries/transportation-and-mobility/smart-
safe-and-connected/embedded-software-engineering/systems-software-
production-engineer

10https://github.com/AMIT-HSBI/NeuralNetwork

https://github.com/kraiskil/onnx2c
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Figure 3. Modelica model of the neural QVM, i.e., the PeN-
ODE. The two trained NNs capture non-linear effects of the sus-
pension’s spring and damper and are connected in parallel to the
linear physics components. The NNs can be imported using gen-
erated C code from an ONNX representation (cf. Section 3) or
as native Modelica equations obtained through a custom Python
to Modelica generator (Section 4).

(Fleps-Dezasse and Brembeck 2013; Ultsch, Ruggaber, et
al. 2021). Typical applications of QVMs are fault detec-
tion of the suspension and the wheels or serving as part
of a virtual sensor or as prediction model of controlled,
semi-active suspensions that improve driving comfort or
road-holding properties (Ultsch, Pfeiffer, et al. 2024). A
QVM is limited to the one-dimensional (vertical) dynam-
ics of one wheel and one quarter of the car-body, as de-
picted in Figure 2. Capturing the vertical dynamics of a
road vehicle correctly is challenging, which is due to the
influence of non-linear effects such as friction and elastici-
ties (i.e., rubber bushings). To capture such effects, we use
a PeN-ODE approach and integrate NNs into the physics
equations to learn unknown non-linearities from measure-
ment data, cf. (Kamp, Ultsch, and Brembeck 2023).

The starting point of the PeN-ODE development is a
plain physics-based Modelica model which implements
only the linear suspension dynamics. This linear QVM
is exported as an FMU and imported into the training en-
vironment PyTorch. After extending the differential equa-
tions with two NNs — one amending the linear equations
of the damper with its non-linear behavior and likewise
another for the spring — a gradient-based optimization is
conducted. After the training, the trained NNs have to be
integrated into the (still linear) Modelica model (Step 3)
to obtain a Modelica implementation of the PeN-ODE (cf.
Figure 3). In Sections 3 and 4 we present two approaches
to accomplish the transfer from the training environment
back to the simulation environment. The neural QVM
(nQVM) is then used for simulative validation, e.g., us-
ing Dymola, and shall further be deployed on an real-time
target in the vehicle. There it serves as a prediction model
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Figure 4. Scheme of the export toolchain using onnx2c to gen-
erate C code for ONNX models. Since many ML-frameworks
already support ONNX export, we mark the ONNX export as
openly available. Although the code onnx2c generates is suited
for embedded application, there is no "ready-to-use" solution for
embedded code generation of the whole PeN-ODE including its
physics equations. The generated C code is imported into Mod-
elica by using a Modelica external C function wrapped into a
MSL MIMO block. Listings 1-2 show the wrapper code as gen-
erated by our custom tool.

for a control algorithm of the semi-active suspension. In
addition, we want to enable the recalibration of the trained
NNs during runtime on the embedded system, i.e., with-
out recompilation. This is especially useful when multiple
variants of the PeN-ODE are trained to consider changing
circumstances, e.g., the current road type or suspension
adjustments, as it is common practice in scheduled con-
trol algorithms. The application on the embedded target
leverages the eFMI standard with tunable NN parameters,
which is described in Section 5.

This work captures intermediate results of ongoing
work, thus the scope of our case-study is up to the SiL val-
idation of the embedded solution, including the recalibra-
tion. The SiL tests allow the comparison with the (contin-
uous) simulation results and constitute the foundation for
future HiL. and driving tests under real world conditions.

3 NNs as external C code

In this section, we present a method to leverage ONNX as
a model exchange standard and an open source ONNX to
C compiler to incorporate trained NNs in Modelica mod-
els. The presented workflow can be automated to a high
degree which we underline with generated code samples.
However, the dependency on external C code hinders the
application of the obtained PeN-ODE on embedded sys-
tems through eFMI, since integration with the embedded
code generation for the physics part of the PeN-ODE is
not obvious. Nevertheless, the method yields plain C code
for the NN that is generally suited for embedded applica-
tion and is therefore relevant for cases without additional
Modelica physics. We will outline how this approach can

be used to deploy trained NNs in a CPS context, even if it
is not the favorable approach to our use-case.

3.1 The ONNX format

"ONNX is an open format built to represent machine
learning models. ONNX defines a common set of oper-
ators — the building blocks of machine learning and deep
learning models ..."7. Once the model is defined using
these operators, ONNX uses the (binary) Protocol Buffers
format for serialization. Such ONNX files serve as ex-
change containers and can be compared to FMUs. The
ONNX format is already widely established as an ex-
change standard for ML models and is supported e.g., by
the Keras'? and PyTorch frameworks, MATLAB®!? and
many more. The ONNX Runtime enables direct inference
using an ONNX model.

3.2 ONNX to C compiler

In some applications, relying on the ONNX Runtime is
not a valid option, especially when the model should
be deployed on an embedded system. The open source
onnx2c!! compiler offers a remedy for users that can make
use of plain C code. It is optimized for TinyML'4, i.e.,
running on microcontrollers. Provided with an ONNX
model, onnx2c generates a single C file with all required
functions that correspond to the atomic ONNX operators.
The parameter arrays that hold the trainable parameters
are likewise contained in the generated code. It has to
be mentioned that onnx2c does not support all available
operators and not all model typologies and is a privately
maintained project. The C code contains a function
entry (const float x[1][M], float yI[1l][N])
with the input dimension M and output dimension N. This
function is the only function that needs to be called in or-
der to perform a forward pass through the model.

3.3 Integration in Modelica

Once the NN is exported as an ONNX model and com-
piled into C code, it can be used in Modelica using its ex-
ternal C interface (cf. Figure 4). Listing 1 presents an ex-
ample implementation of the entry-function call that can
be used as a template for generation. Further, it can be
convenient to wrap the function into a Modelica Standard
Library (MSL) MIMO block as shown in Listing 2.

Listing 1. Modelica function that calls the entry function from
the generated C file (called nn.c). The dimensions M and N
correspond with the number of in- and outputs of the NN (to be
replaced with size_t values).

function call_entry "call entry"
input Real ul[M];
output Real yI[N];
external "C" call_nn(u, y)
annotation (
IncludeDirectory="<<nn.c dir>>",

2https://keras.io
Bhttps://www.mathworks.com/products/matlab.html
https://github.com/mit-han-lab/tinyml
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Include="
#include \"nn.c\"
void call_nn (const doublex u,
{
float u_buf[l][M],
size_t i,

doublex* vy)

y_buf[1][N];

for (i = 0; 1 < M; i++)

{ u_buf[0][i] = (float) ulil;
}

entry (u_buf, y_buf);

for (i = 0; i < N; i++)

{ yli] = (double) y_buf[0][i];

}
Py
end call_entry;

Listing 2. MIMO wrapper for C-function call (cf. Listing 1);
The dimensions M and N correspond with the number of in- and
outputs of the NN (to be replaced with Integer values).

model MyNN
extends Modelica.Blocks.Interfaces.MIMO (

nin = M,
nout = N);
equation
y = call_entry(u);
end MyNN;

If a PeN-ODE contains multiple NNs, one must assure that
variable- and function names in the C code are unique.
When using onnx2c, this is generally not the case, since
the C files are generated independently and at least the
entry-function always has the same name. As of now, this
can only be solved by editing the C code after its gener-
ation. Issues can also occur, when the ONNX model is
composed in a way that the operator-nodes have ambigu-
ous or repeating names. This can be avoided by giving a
unique name to each node during the ONNX export of the
ML model. The node names of an existing ONNX model
can still be adapted, e.g., using the ONNX Python APL

3.4 Discussion

The presented approach uses the ONNX open standard
and an open source ONNX to C compiler. The incor-
poration of the generated C code in Modelica (Step 3) is
straightforward and can be effectively automated by gen-
erating corresponding Modelica wrappers. Furthermore,
ONNX is a well established exchange standard for ML
models and many ML frameworks already offer the export
to ONNX. The onnx2c compiler is stable, maintained, and
supports many of the existing ONNX operators. It gener-
ates C code which is suitable for the application on micro-
controllers, which is important for CPSs. In comparison
to solutions that use the ONNX Runtime, it has the advan-
tage to be self-contained without any third party library or
framework dependencies, which facilitates exchange and
portability. Modelica tools can, for example, export PeN-
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Figure 5. Scheme of the export toolchain employing the Neural-
Network library. The Python to Modelica generator is a custom
tool that allows direct Modelica code generation from Python.
This approach leverages Dymola’s existing symbolic facilities to
find algorithmic solutions suited for embedded application and
enable embedded code generation for the whole PeN-ODE using
the open eFMI standard.

ODE models as binary code FMUs without further depen-
dencies.

However, the onnx2c approach yields embedded code
only for the NN parts of the PeN-ODE. Embedded code
generation for the whole PeN-ODE (Step 4) is not straight-
forward because the production code for the physics equa-
tions must be generated and connected with the NNs. This
is not a trivial system integration task, since knowledge
about causalization, equation system properties and con-
nectivity of the whole PeN-ODE must be properly incor-
porated. There might be, for example, algebraic loops be-
tween physics and NNs, or the physics equations and NNs
form a mixed system of equations where Boolean condi-
tions depending on NN outputs switch physics behavior
fed into the NN. In such cases, the NN code has to be
properly embedded into the iterations of the inline inte-
grated ODE solver when generating embedded code for
the physics parts of the Modelica model.

These embedded code generation issues for PeN-ODEs
can be bypassed by handing the challenges over to the al-
ready existing, advanced symbolic facilities of Modelica
compilers like Dymola. Section 4 presents an approach
for Step 3 where the NN parts of the PeN-ODE are re-
imported as pure Modelica equations such that the Mod-
elica compiler can take care of proper integration.

4 NNs as native Modelica

In this section, we present an approach that implements
trained NNs as Modelica models utilizing the Neural-
Network Modelica library. This method allows seam-
less integration of the NNs with the physics equations
and enables eFMI-based embedded code generation for
the whole PeN-ODE. Figure 5 summarizes the tooling of
this Modelica-centric workflow, where the trained NN are
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Figure 6. Generated, equation-based Modelica model of one of the trained NNs of the nQVM, showing its diagrammatic tensor-
flow using NeuralNetwork library components. The NN parameters (weights and biases) for each of the four dense layers (16x 1 —
16x16 — 1616 — 1x16) are contained in the parameter record that can be marked for exposure as tunable eFMI parameters.

transformed back to Modelica equations.

4.1 The NeuralNetwork library

The NeuralNetwork Modelica library was first published
in 2006 (Codeca and Casella 2006). Since 2023, it is
further developed by the University of Applied Sciences
and Arts Bielefeld (HSBI) under open source 3-Clause
BSD Licence!®. As of version 2.1, it offers implementa-
tions to compose multi-layer perceptrons (MLP) including
dense layers, scaling, standardizing, and principal compo-
nent analysis (PCA) layers, and the activation functions
rectified linear unit (ReLU), sigmoid, hyperbolic tangent
(tanh), softplus and unit step.

Considering the vast variety of ML architectures, this
is only a basic set. For PeN-ODEs however, simple MLPs
suffice in many cases (Thummerer, Stoljar, and Mikelsons
2022; Kamp, Ultsch, and Brembeck 2023).

4.2 Generation of Modelica NNs

We implemented a custom Python to Modelica code gen-
erator to automate the implementation of trained NN us-
ing the definitions of the NeuralNetwork library. Listing 3
presents an example of a simple MLP that was generated
in this manner. We deem it best to generate a separate
Modelica record alongside the NN that holds its param-
eters, i.e., NN weights and biases (cf. Listing 4). This
record can be used to redeclare the parameters of the NN
block and thus enables a fast exchange. This is useful
when multiple variants of the NN are to be validated in
simulation, given that the NN architecture (number of lay-
ers, number of neurons, and activation functions) is main-
tained. Figure 6 shows the composition of different layers
of a typical MLP with the corresponding parameter record.

Listing 3. Sample of a generated Modelica NN. The Neural-
Network library components are wrapped into a MIMO block
comparable to the external C approach (cf. Listing 2).

block MyNN

extends Modelica.Blocks.Interfaces.MIMO;

import NN = NeuralNetwork;

// NN parameter record

parameter MyParametrization params;

// NN layers

NN.Layer.Dense layer_1(
weights = params.layer_1_weights,
bias = params.layer_1_bias,
redeclare function f =

NN.ActivationFunctions.ReLu) ;

NN.Layer.Dense layer_2 (
weights = params.layer_2_weights,
bias = params.layer_2_bias,
redeclare function f =
NN.ActivationFunctions.Id);

equation
// NN composition
connect (u, layer_1l.u);
connect (layer_1l.y, layer_2.u);
connect (layer_2.y, VY);
end MyNN;

Listing 4. Generated parameter record defining default weights
and biases for the NN of Listing 3, exposed as tunable eFMI
parameters for the embedded code generation of Section 5.

record MyParametrization
extends Modelica.Icons.Record;
// Trained NN parameters

parameter Real [16, 1] layer_1_weights =
{{2.15}, {-0.713}, ...};

parameter Real [16] layer_1_bias =
{0.174, -0.0312, ...};

parameter Real [1l, 16] layer_2_weights =
{{0.215, 1.342, ...}};

parameter Real [1l] layer_2_lbias =
{0.230};

// Expose as tunable eFMI parameters

annotation (
__Dymola_eFMI_ExposeTunableParameters =

true);

end MyParametrization;

4.3 Discussion

The pure Modelica approach offers a seamless integration
of trained NNs with the physics part of the PeN-ODE in
Modelica. The NN parameters can be encapsulated in
records separated from the NN architecture, facilitating
variation and training validation. A drawback compared
to the usage of ONNX via onnx2c is the limited number
of available architectures of the NeuralNetwork library.
Further, a complete Python to Modelica generator leverag-
ing the NeuralNetwork library is not (yet) freely available.
Our implementation is, as of now, just a functional proto-
type and not published. The most important advantage of
the native Modelica approach is the possibility to export
the whole PeN-ODE via eFMI for embedded application
as motivated and described in the following Section 5.



5 Embedded code via eFMI

In this section, we motivate the use of the eFMI stan-
dard for Modelica equation-based hybrid models in em-
bedded applications. Our solution relies on the import of
trained NNs as Modelica equations as presented in Sec-
tion 4, meets requirements 4a-f of Section 1, and enables
online recalibration of NN parameters.

5.1 The eFMI Standard

The Functional Mock-up Interface for embedded sys-
tems (eFMI) is "an open standard for the ...model-
transformation-based development of advanced control
functions suited for safety-critical and real time targets
... [, defining a] container architecture ... from high-level
modeling and simulation — e.g., a-causal, equation-based
physics in Modelica — down to actual embedded code"®.
The key interface between the physics simulation and
embedded application domains is the Guarded Algorith-
mic Language for Embedded Control (GALEC). To de-
ploy an equation-based simulation model in a safety-
critical, hard real-time environment, the simulation tool
has to transform the model into a GALEC program (Algo-
rithm Code container) and hand it over to any eFMI-aware
production code generator for final embedded code gener-
ation (Production and Binary Code container). The idea is,
that each tooling can be a domain expert on its abstraction-
level without bothering about the other domains. A Mod-
elica tool like Dymola knows a lot about discretization,
symbolic optimization and inline integration —i.e., how to
find a sampled algorithmic solution expressible in GALEC
— whereas production code generators like Software Pro-
duction Engineering are knowledgeable about satisfying
embedded domain coding requirements but have no con-
cept of modeling physics for equation-based simulation.
GALEC has some language characteristics making it a
convenient intermediate representation between modeling
and embedded software (Lenord et al. 2021). It is target
independent, supports multi-dimensional arithmetic, and
a rich set of built-in functions to abstract common math
operations including interpolation and solving systems of
linear equations. Most importantly, it is computational-
safe, which means that a powerful static evaluation con-
cept is used to guarantee all indexing is within bounds, all
loops have an upper-bound, and all potential runtime er-
rors like NaNs, singular linear equation systems or domain
errors of built-in functions (like poles of trigonometric
functions) are handled or explicitly exposed to the runtime
environment. GALEC programs satisfy 4b-e of Step 4 by
definition. Once a simulation tool finds a sampled solution
for the simulation problem — which is not always possible
for general equation systems — and expresses it as GALEC
program, further tooling towards embedded C code "only"
has to preserve these characteristics and can focus on code
optimization (e.g., loop and multi-dimensional expression
unrolling) and embedded target environment compliance
(e.g., compliance with style guidelines, code analysers, in-

terfaces or system integration requirements).

Besides Algorithm, Production and Binary Code con-
tainers, eFMI also defines Behavioral Model containers
to define test-scenarios. Typically, Behavioral Models are
derived from continuous MiL. experiments in a physics
simulation environment and shared for later SiL. and HiLL
tests of production code.

5.2 eFMI support in Dymola

Dassault Systemes provides several tools supporting
eFMI: Dymola for generating eFMI Algorithm Code con-
tainers for synchronous Modelica models, Software Pro-
duction Engineering for generating eFMI Production, and
in turn, Binary Code containers and AUTOSAR Builder!?
to extend Production Code containers to become AU-
TOSAR'® components.

It is noteworthy, that Software Production Engineer-
ing is also used as embedded code generation backend
for No Magic Cameo Systems Modeler'”, a development
environment for model-driven engineering, system archi-
tecture, system design, and software engineering based
on SysML!'®. Generated production code therefore is of
industry-level quality, for example MISRA C:2023 com-
pliant. The integration with Dymola is seamless. Dy-
mola provides facilities to configure 32 bit and 64 bit
floating-point precision for production code generation,
import production code for SiL simulation via gener-
ated Modelica wrappers, derive SiL tests from existing
MiL experiments, check MISRA C:2023 compliance with
Cppcheck Premium!®, import production code in MAT-
LAB®/Simulink®° as C Function blocks, and export eF-
MUs with deployment-ready production code as FMUs.

5.3 QVM case-study with Dymola

Based on Dymola’s eFMI support presented in the previ-
ous section, generating embedded code for the nQVM of
Section 2, with its damper and spring NN represented as
NeuronalNetwork library models according to Section 4,
has been straightforward. The two major challenges were,
first, how to conveniently expose the NN weights and
biases as tunable eFMI parameters, and second, how to
model the respective recalibration SiL tests in Modelica.

For the first issue, we extended Dymola with
a new annotation for Modelica records. Adding
__Dymola_eFMI_ExposeTunableParameters =
true to a record class marks the independent parameters
of instances for exposure as tunable eFMI parameters,
regardless how deeply nested within models they are. The
Python to Modelica generator of Section 4 can hence au-
tomatically add the annotation to the NN parametrization
record (cf. Listing 4).

Bhttps://www.3ds.com/products/catia/autosar-builder
10https://www.autosar.org
https://www.3ds.com/products/catia/no-magic
Bhttps://www.omgsysml.org
https://www.cppcheck.com
20https://www.mathworks.com/products/simulink.html
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Figure 7. Recalibration SiL test in Dymola: The nQVM PeN-
ODE is instantiated twice — once untuned and once tuned — via
a generated Modelica wrapper backed by the eFMUs production
code. The damper tuning component is manually implemented.
It triggers recalibration at 2 s and applies updated NN parameters
for the learned friction model on the generated tuning bus.

tuningBus

The second issue, how to model recalibration SiL
tests, exposes a general Modelica shortcoming. From the
eFMI perspective, recalibration test scenarios are well-
supported in Behavioral Model containers; and Dymola
supports the derivation of Behavioral Models from exist-
ing Modelica experiments by searching them for instances
of the model that is subject to eFMI code generation. Each
of those instances becomes a SiL test scenario, where the
instance inputs are the stimuli and the outputs the refer-
ence trajectories. This concept works well to automati-
cally derive SiL test suites from ordinary Modelica exper-
iments. However, Modelica has no online recalibration
concept. In Modelica, parameters can be only modified
before, but not during the simulation. Hence, online re-
calibration must be modeled by runtime values encoding
"parameters". Since this implies extensive model changes
on the models to recalibrate, recalibration support for or-
dinary Modelica models is pointless. In our case how-
ever, we can provide recalibration facilities in the Model-
ica wrappers Dymola generates for SiL. simulation of pro-
duction code generated by Software Production Engineer-
ing. To this end, the wrappers provide an optional tuning
bus, which can be enabled whenever recalibration shall
be tested. Actual calibrations are simply connected to
the bus, requiring manual modeling of a continuous time-
based source provisioning the parameter sets to apply at
each time point.

Figures 7 shows the recalibration scenario we used to
validate the nQVM. In this experiment, we recalibrate the
damper-NN with a slightly altered (learned) friction model
after 2 s. The PeN-ODE is simulated with a chirp signal
(sine-sweep) as input. In Figure 8, the simulation result
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Figure 8. SiL simulation results of the body height z;, for the
untuned (blue) and tuned (red) nQVM. At 2 s simulation time,
the recalibration is triggered and leads to a new system behavior.

of the body height z;, of the tuned and untuned PeN-ODE
is plotted. Although the tuning clearly alters the dynam-
ics of the system, the state of the PeN-ODE is not changed
when recalibrating such that there are no discontinuities in
the trajectory. If recalibration would take several sampling
steps, which can be expected when using actual real-time
hardware, the current state would be held — i.e., no sam-
plings are conducted — until the recalibraion is terminated.
Nevertheless, it is likely that observers or control algo-
rithms using the PeN-ODE converge much faster when
continuing sampling from the hold state compared to a full
state reset. Although the nQVM is stable in the recalibra-
tion scenario of Figures 7 and 8, no such guarantee can be
given for general equation systems; if, and under which
constraints, an independent parameter indeed is suited for
online tuning, is a domain specific characteristic.

6 Future work

This paper presents intermediate results of the ongoing re-
search in the PeN-ODE-related work package (WP4) of
the ITEA 4 Project OpenSCALING?! (cf. Acknowledge-
ments). The work scheduled for the second half of the
project ending in October 2026 can be separated into three
tasks, ranked from highest to lowest priority: (1) preserva-

2l https://itead.org/project/openscaling.html
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tion of the multi-dimensional arithmetic of the tensor-flow
of NNs in production code, (2) actual system integration
of the eFMU of the case-study presented in Section 2 with
HiL and driving tests under real-world conditions includ-
ing recalibration of NN parameters and (3) support of the
System Structure & Parametrization?? (SSP) standard for
NN parametrization and recalibration.

6.1 Multi-dimensional embedded tensor-flows

Most Modelica tools, including Dymola, transform mod-
els into an index 1 differential algebraic equation (DAE)
system, where each element of multi-dimensions is scalar-
ized to individual variables; doing so, multi-dimensional
arithmetic operations are flattened to a set of individual
scalar operations (scalarization). Although this represen-
tation is essential for many advanced numeric and sym-
bolic manipulations and optimizations, it also significantly
increases code size when scalarizing the tensor-flows of
the equation-based NNs presented in Section 4. For em-
bedded applications, code size is critical. Hence, it is im-
portant to avoid the scalarization of tensor-flows. How-
ever, for the physics-parts of PeN-ODE:s it still is ben-
eficial to find symbolic solutions to avoid linear system
solver calls.

In our case-study, the actual physics equations of the
nQVM only result in ~4 KB of eFMI GALEC code includ-
ing two symbolically solved size-1 linear equation sys-
tems, whereas the scalarized tensor-flows of the spring and
damper NNs — each holding 593 parameters in the input
layer (16x 1, ReLu), two hidden layers (16x16, ReLu),
and the output layer (1x 16, Identity), each with bias (cf.
Figure 6) — produce ~117 KB of code. This is a lot, consid-
ering that the tensor-flows of the NNs could be written as
single-line multi-dimensional GALEC expressions. The
ratios for derived C production and binary code are simi-
lar. The onnx2c solution of Section 3, which preserves the
tensor-flows as for-loops, only yields ~5.5 KB of C code.
All numbers are excluding the initialization of NN weights
and biases, which contributes significantly to code size but
cannot be avoided.

The prevention of scalarization is subject of work pack-
age 3 (WP3), large scale system (LSS) modeling, of the
OpenSCALING project. Although the development fo-
cuses on physics based LSSs — like electric power grids
with homogeneous components of huge quantities mod-
eled as arrays of Modelica components — the planned
solutions are likely also applicable in our use-case. If
anything, tensor-flows are even simpler to handle be-
cause they are clean — i.e., not mixed with exceptions or
zero crossing logic — arithmetic. Foundational research
on how to preserve multi-dimensional operations for in-
dex 1 DAEs without sacrificing symbolic optimizations
is already available (Otter and Elmqvist 2017; Abdelhak,
Casella, and Bachmann 2023).

2https://ssp-standard.org

6.2 eFMU system integration and CPS tests

The presented toolchain has been validated up to, and in-
cluding, SiL tests of the generated eFMU in Dymola. The
actual system integration on a dedicated embedded target
— for our case-study this involves the deployment of the
nQVM as prediction model on the embedded control sys-
tem of our experimental research platform (Ruggaber et al.
2023) — still must be conducted. We are confident, that our
eFMI approach is well-suited for that eEFMUs generated by
Dymola and Software Production Engineering have been
successfully system-integrated in the past, including final
CPS tests under real-world conditions (Ultsch, Ruggaber,
etal. 2021). A new challenge is the online recalibration for
tuning the weights of the embedded NNs, which we deem
non-critical, considering the successful SiL. experiment of
the recalibration facilities of the generated eFMU.

6.3 SSP standard support

Online recalibration of PeN-ODE NN-weights is related
to ongoing SSP standardization efforts. SSP is supposed
to be a universal standard for defining varying parame-
ter sets for interconnected FMUs (Haillgvist et al. 2021).
Modelica support, in particular SSP import and export in
Dymola, is available (Briick 2023). Our tunable parame-
ter record approach of Sections 4 and 5 for modeling NN-
weights can be mapped directly using Dymola’s existing
SSP facilities. In FMI and eFMI however, recalibration
of tunable parameters can be seen as a timed sequence of
parameter changes; however, SSP has no notion of tim-
ing. Likewise, Modelica lacks the means to conveniently
model online recalibration. In Modelica, parameters can
only be changed by means of static modifications before
simulation starts, which is why the SiL tests presented in
Section 5 had to implement new calibrations via ordinary
Modelica variables instead of parameters. This is trou-
blesome and requires the definition of event-points for re-
calibration throughout the continuous simulation. To align
SSP, Modelica, FMI and eFMI such that recalibration test-
scenarios can be modeled as timed SSP parametrizations
is an open issue, very much in the scope of OpenSCAL-
ING and its objective to harmonize the Modelica Associ-
ation’s>? open standards ecosystem.

7 Related work

Our previous work provided an extended introduction
to PeN-ODEs, including how to define and train them
(Kamp, Ultsch, and Brembeck 2023). Requirements 4a-f,
to enable embedded and CPS applications, were not con-
sidered however.

Thummerer et al. (2022) proposed a solution for ex-
port, training, and re-import of PeN-ODEs in simula-
tion environments (Steps 1-3) using the FMI standard.
Their approach is feasible even for complex systems, and
especially in industrial applications where discretion is
of importance. Thanks to the ubiquitous availability of

Zhttps://modelica.org/association
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FMI in the simulation domain, and increasing support
also in training environments (e.g., FMPy?>* for Python
or FMLjI® for Julia), this approach is widely applicable.
However, FMUs are implementation black-boxes, hiding
the involved equations such that Step 4, preparing PeN-
ODEs for embedded application, is not straightforward.
The approach does not consider the embedded domain re-
quirements 4a-f.

The open source SMArtInt library?® offers a way to use
ONNX models and TensorFlow?’ models exported as Lite
Runtime®® (LiteRT) in Modelica, supporting a huge range
of NN types and architectures. However, its dependency
on a plethora of heterogeneous third party frameworks
and technologies severely impedes embedded application
when compliance with 4b-e is required.

Hiibel et al. (2022) trained a surrogate model that is
benchmarked inside a Modelica model. Comparable to
our approach, they used the NeuralNetwork Modelica li-
brary to transfer the trained NN to Modelica. They also
mentioned the possibility to use generated C code as a fu-
ture research topic, but did not elaborate on embedded ap-
plications.

In the ITEA EMPHYSIS project (EMPHYSIS Interna-
tional Consortium 2021), which bore the eFMI standard,
multiple demonstrators used eFMUs to incorporate NNs
into predictive model control applications targeting em-
bedded systems. The starting point of embedded code
generation were trained NNs however, not hybrid mod-
els. Hence, although 4a-c and 4e-f are supported by rep-
resenting NNs as eFMI GALEC programs and leveraging
the eFMI tooling as we do, the combination with physics
equations — and therefore an ODE inline integration to a
level where only linear solver calls are required (4d) — has
not been investigated.

The work of Ultsch et al. (2021) within the EMPHY SIS
project can be regarded as predecessor to our study. Simi-
lar to the QVM case-study of Section 2, they transformed
a nonlinear prediction model in Modelica via eFMI into
an embedded solution suited for the model-based control
of the semi-active dampers of a car. An extended Kalman
filter was used for the state estimation based on the pre-
diction model. To this end, the eFMU of the prediction
model was integrated into a dedicated Kalman filter li-
brary implemented in C. The state estimation algorithm
of the Kalman filter thereby perturbates discretized con-
tinuous states of the prediction model by explicitly setting
them before performing an integration step with the inline
integrated solver. The eFMU was deployed on the ECU of
a series-produced car and validated in driving tests under
real-world conditions.

Kurzbach et al. (2023) proposed a low-level equa-
tion language for Modelica, in which the higher level

24 https://github.com/CATIA-Systems/FMPy
Zhttps://github.com/ThummeTo/FMIjl
https://github.com/xrg-simulation/SMArtIInt
?Thttps://www.tensorflow.org

28Formerly known as TensorFlow Lite (TFLite).

object-oriented concepts like inheritance, modifications
and nested components are flattened to simple equations.
The motivation for such a "base Modelica" is to facilitate
the integration of third party technology spaces with Mod-
elica tooling. If such a representation becomes part of
the Modelica standard and would be widely adopted, it
could significantly ease bridging the simulation and ML
domains (Step 1 and 3 of our approach); in particular, if it
could be used as an actual model exchange format in FMI.
Although the definition of a basic-equation language for
Modelica has been a long time vision of the Modelica As-
sociation??, it is much too early to judge if the proposal
will be standardized and sufficiently widely adopted.

8 Conclusions

We presented a toolchain for the embedded application of
PeN-ODE hybrid models derived from Modelica physics
equations. In order to meet the non-functional require-
ments on embedded software, we relied on the Functional
Mock-up Interface for embedded systems (eFMI) and its
support in the Modelica tool Dymola. Dymola’s exist-
ing symbolic optimization and inline-integration routines
are prolific in finding causalized, algorithmic solutions
for complex equation systems, in particular to avoid non-
linear solver calls as required in embedded applications.
The export of algorithmic solutions as eFMI GALEC pro-
grams in turn enables further eFMI support to eventually
derive high-quality production code.

A challenge of this approach is the correct integration
of the trained NN-components of PeN-ODEs with the
physics part, such that the integrated solvers of embed-
ded solutions can properly handle the interactions between
NN and physics-equations, like event-handling and zero-
crossings in mixed systems of equations, smoothness re-
quirements, sampling and discretization, etc. We avoid
this open research question by representing the tensor flow
as such — i.e., as multi-dimensional expression — even-
tually yielding an equations-only representation of the
whole PeN-ODE which can be processed by Dymola’s ex-
isting symbolic facilities. For the required re-import of the
trained NN into the original physics-equations, we devel-
oped a Python to Modelica code generator targeting the
NeuralNetwork Modelica library.

We validated our approach with the help of a neural
quarter vehicle model (nQVM) case-study. SiL tests of
the eFMI solution demonstrate its applicability, including
recalibration tests for online changes of NN parameters.
Left as future work is to extend Dymola’s symbolic facil-
ities such that they avoid scalarization of the tensor-flows
of NNs and final system integration of the nQVM with
HiL and driving tests under real world conditions.
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Abstract

We propose a novel approach for training Physics-
enhanced Neural ODEs (PeN-ODEs) by expressing the
training process as a dynamic optimization problem. The
full model, including neural components, is discretized us-
ing a high-order implicit Runge-Kutta method with flipped
Legendre-Gauss-Radau points, resulting in a large-scale
nonlinear program (NLP) efficiently solved by state-of-
the-art NLP solvers such as Ipopt. This formulation en-
ables simultaneous optimization of network parameters
and state trajectories, addressing key limitations of ODE
solver-based training in terms of stability, runtime, and
accuracy. Extending on a recent direct collocation-based
method for Neural ODEs, we generalize to PeN-ODEs,
incorporate physical constraints, and present a custom,
parallelized, open-source implementation. Benchmarks
on a Quarter Vehicle Model and a Van-der-Pol oscillator
demonstrate superior accuracy, speed, generalization with
smaller networks compared to other training techniques.
We also outline a planned integration into OpenModelica
to enable accessible training of Neural DAEs.

Keywords: Physics-enhanced Neural ODEs, Dynamic
Optimization, Nonlinear Programming, Modelica, Neural
ODEs, Universal Differential Equations

1 Introduction

Growing access to real-world data and advances in com-
putational modeling have opened new possibilities for
combining measured data with physics-based models.
Neural Ordinary Differential Equations (NODEs) (Chen
et al. 2018) represent a significant advancement in merg-
ing data-driven machine learning with physics-based mod-
eling. By replacing the dynamics of an ODE with a neural
network

X(1) = NNp (x(1),u(1),1), (1
where x () are states, u (¢) is a fixed input vector, and p are
the neural network parameters, NODEs bridge the gap be-
tween traditional differential equations and modern deep
learning. After obtaining a NODE and given an initial
condition x(#y) = x¢, the state trajectory is reconstructed
by simulation with an arbitrary ODE solver

x(t) := ODESolve (NNp (x(2),u(1),1),x0) .  (2)

However, learning the full dynamics can be unstable,
requires a lot of data, and can suffer from poor extrapo-
lation (Kamp, Ultsch, and Brembeck 2023). As a result,
hybrid modeling is an emerging field that combines the
flexibility of neural networks with known physics and first
principle models. Extensions like Universal Differential
Equations (UDEs) (Rackauckas et al. 2020) or Physics-
enhanced Neural ODEs (PeN-ODEs) (Kamp, Ultsch, and
Brembeck 2023; Sorourifar et al. 2023) generalize this
paradigm, allowing domain-specific knowledge to be in-
corporated into the model while still learning observable
but unresolved effects. These approaches have demon-
strated great success in various fields, including vehicle
dynamics (Bruder and Mikelsons 2021; Thummerer, Stol-
jar, and Mikelsons 2022), chemistry (Thebelt et al. 2022),
climate modeling (Ramadhan et al. 2023), and process op-
timization (Misener and L. Biegler 2023).

Training neural components typically involves simulat-
ing (2) for some initial parameters p and then propagat-
ing sensitivities of the ODE solver backward in each it-
eration. Afterward, the parameters are updated via gra-
dient descent. This process is computationally expensive
and results in long training times (Lehtiméki, Paunonen,
and Linne 2024; Roesch, Rackauckas, and Stumpf 2021;
Shapovalova and Tsay 2025), as explicit integrators are
low-order and unstable, requiring small step sizes, while
stable, implicit integrators involve solving nonlinear sys-
tems at each step, thus being computationally demanding.

To address these enormous training times several alter-
native procedures have been proposed: in (Roesch, Rack-
auckas, and Stumpf 2021) a collocation technique is in-
troduced, which approximates the right hand side (RHS)
of an ODE from data. The NN is then trained on the ap-
proximations with standard training frameworks. Further,
in (Lehtim#ki, Paunonen, and Linne 2024) model order
reduction is used to accurately simulate the dynamics in
low-dimensional subspaces. Very recent work presented
in (Shapovalova and Tsay 2025) introduced global direct
collocation with Chebyshev nodes, a method originating
from dynamic optimization for optimal control and pa-
rameter optimization, for training Neural ODEs. The ap-
proach reduces the continuous training problem to a large
finite dimensional nonlinear program (NLP) and shows
fast and stable convergence, demonstrated on a typical
problem, the Van-der-Pol oscillator.
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In Modelica-based workflows, the training of Neural
ODEs is typically performed externally by exporting a
Functional Mock-Up Unit (FMU), subsequently training it
in Python or Julia using standard machine learning frame-
works and ODE solvers, and finally re-importing the hy-
brid model. While this approach introduces external de-
pendencies and additional transformation steps, the Neu-
ralFMU workflow (Thummerer, Stoljar, and Mikelsons
2022) demonstrates a practical method for integrating hy-
brid models into real-world applications.

Building on recent advances in direct collocation-based
training of Neural ODEs (Shapovalova and Tsay 2025),
we significantly extend the approach to PeN-ODEs. We
formulate the training process as a dynamic optimiza-
tion problem and discretize both neural and physical com-
ponents using a stable, high-order implicit collocation
scheme at flipped Legendre-Gauss-Radau (fLGR) points.
This results in a large but structured NLP, allowing ef-
ficient, simultaneous optimization of states and parame-
ters. Our custom, parallelized implementation leverages
second-order information and the open-source NLP solver
Ipopt (Wichter and L. T. Biegler 2006). It is designed for a
future integration into the open-source modeling and sim-
ulation environment OpenModelica (Fritzson, Pop, Ab-
delhak, et al. 2020), thus providing an accessible training
environment independent of external tools.

2 Dynamic Optimization for NODEs

In this section, we introduce a general class of dynamic
optimization problems (DOPs) and formulate training for
both NODEs and PeN-ODE:s as instances of this class. We
then discuss the transcription of the continuous problem
into a large-scale nonlinear optimization problem (NLP).
Finally, necessary considerations and key challenges are
presented.

2.1 Generic Problem Formulation

Consider the DOP
min M(x(r0)x(t). )+ [ Lx@.pdr Ga)
o
s.t.
x(t)=f(x(t),p,1) VieT (3b)
gl <g(x(1),p.1) <g¥ VieT (3¢)
rl < r(x(t),x(tf),p) < rv (3d)

for a fixed time horizon T = [t,t¢] with time variable
t € T. The states of the system are given by x : T — R%
and the goal is to find optimal time-invariant parameters
p € R¥%  such that the objective (3a) becomes minimal and
the constraints (3b)—(3d) are satisfied. These constraints
are divided into the ODE (3b) and path constraints (3c),
which both must be satisfied at all times on time horizon
T, as well as boundary constraints (3d), which must only
hold at the initial and final time points #(, . The objective

is composed of a Mayer term M, that defines a cost at the
boundary of 7', and a Lagrange term L, that penalizes an
accumulated cost over the entire time horizon. To ensure
compatibility with typical nonlinear optimizers, all model
functions must be twice continuously differentiable. This
includes neural networks, their activation functions, and
error measures. For completeness, the bounds of the
constraints are given as g-, gV € (RU{—o0,00})% and
rt.rV e (RU{—co,00})% .

2.2 Reformulation of PeN-ODE Training

PeN-ODEs embed one or more NNs with parameters p
into known, possibly equation-based, dynamics X(¢) =
¢7 (x,u,t). The resulting differential equation has the form

X(t)=¢(x,u,t, NNy(x,u,1)), 4)
where u : T — R% is a fixed input vector and NN,, are
enhancing NNs. This formalism aims to enhance systems
that already express dynamics based on first principles, by
further incorporating data-driven observables in form of
neural components. Clearly, these components need not
be NNs in general, and can be any parameter dependent
expression. With additional information about the prob-
lem, one could use a polynomial, rational function, sum
of radial basis functions or Fourier series.

The subsequent considerations also apply to the training
of NODEs, where the goal is to learn the full dynamics
without relying on a first principle model. This is evident
from the fact that NODEs are a subclass of PeN-ODEs
with

X(t)=NNp(x,u,t)=¢(x,u,t, NNp(x,u,t)). (5)

In this paper, we propose a formulation for training
PeN-ODEs as a DOP (3a)-(3d), using known data trajec-
tories § and the corresponding predicted quantity ¢q. The
DOP takes the form

ty
min/ E (q(x,u,t, NN, (x,u,1)),§(r)) dr  (6a)
14 fp

S.t.

x(t)=¢(x,u,t, NNp(x,u,t)) VteT (6b)
for some smooth error measure E, e.g. the squared 2-norm
E(q.4)=lq- qA||%. This formulation represents the mini-
mal setup.

By further incorporating the generic constraints (3c)
and (3d), it is possible to impose an initial or final condi-
tion on the states as well as enforce desired behavior. For
example, consider a NN approximation of a force element
NNF, with no force acting in its resting position. There-
fore, the NN should have a zero crossing, i.e. NNy (0) =0.
This can be trivially formulated as a constraint, without
introducing a penalty term that may distort the optimiza-
tion as in standard unconstrained approaches like (Kamp,



Ultsch, and Brembeck 2023). Thus, the optimizer can
handle the constraint appropriately.

As the loss in (6a) is a continuous-time integral, it en-
ables an accurate and stable approximation using the same
discretization employed for the system dynamics. In con-
trast to MSE loss as in (Shapovalova and Tsay 2025),
which effectively corresponds to a first-order approxima-
tion of the integral, our formulation benefits from high-
order quadrature, potentially preserving the accuracy of
the underlying discretization.

2.3 Transcription with Direct Collocation

In the following, the general DOP (3a)-(3d) is reduced
to a NLP using orthogonal direct collocation. Direct col-
location approaches have proven to be highly efficient in
solving DOPs and are implemented in a variety of free
and commercial tools, such as PSOPT (Becerra 2010),
CasADi (Andersson et al. 2019) or GPOPS-II (Patterson
and A. V. Rao 2014), as well as in Modelica-based envi-
ronments like OpenModelica (Ruge et al. 2014) or JMod-
elica (Magnusson and Akesson 2015). While OpenMod-
elica only supports optimal control problems, the other
frameworks allow for simultaneous optimization of static
parameters. Recent work in the field of NODEs (Shapo-
valova and Tsay 2025) shows that learning the right hand
side of small differential equations can be performed sta-
bly and efficiently using global collocation with Cheby-
shev nodes.

In direct collocation the states are approximated by
piecewise polynomials, that satisfy the differential equa-
tion at so-called collocation nodes, usually chosen as
roots of certain orthogonal polynomials. If the problem is
smooth and with increasing number of collocation nodes,
these methods achieve spectral, i.e. exponential, con-
vergence to the exact solution. In this paper, the collo-
cation nodes are chosen as the flipped Legendre-Gauss-
Radau points (fLGR) rescaled from [—1,1] to [0,1]. This
rescaling is performed, so that the corresponding colloca-
tion method is equivalent to the Radau IIA Runge-Kutta
method. Radau ITA has excellent properties, since it is A-,
B- and L-stable and achieves order 2m — 1 for m stages
or collocation nodes. These nodes c; for j =1,...,m are

given as the m roots of the polynomial (1 — t)P,(r:’_Ol) (2t -

1), where P;(nl’_ol) is the (m — 1)-th Jacobi polynomial with
a=1and 8 =0. A detailed explanation of the method’s
construction based on quadrature rules is given in (Lan-
genkamp 2024).

First, we divide the time horizon [#o,?s] into n+1 inter-
vals [t;,t;+1] fori =0,...,n with length At; := ;4,1 —¢;. In
each interval [#;,;,1] the collocation nodes #;; :=t; +c jAt;
for j =1,...,m; as well as the first grid point #;o :=t; +
cjAt; with ¢ = 0 are added. Since the last node c,,; = 1 is
contained in any Radau IIA scheme, the last grid point of
interval i — 1 exactly matches the first grid point of interval
i, 1.e. ti_1,m, , = tio. Furthermore, the states are approx-
imated as x(#;;) ~ x;; and for each interval i replaced by

a Lagrange interpolating polynomial x; (¢) = >," _Oxl i1 (1)
of degree m;, where

T t—tik
—lik

1;(1) = Vj=0,... )

, My
k=0 11
k#j
are the Lagrange basis polynomials. Note that the parame-
ters p are time-invariant and thus, need not be discretized.
Each x; must satisfy the differential equation (3b) at the
collocation nodes #;; and also match the initial condition

x;0, which is given from the previous interval i — 1. By
differentiating we get the collocated dynamics
(1) (1)
D1 Dy L xio Ji1
0=] : : DA ®)
N Dy | [Xim; Sim;

with identity matrix I € R% % entries of the first differ-
entiation matrix Dﬁ) : dl" % (cj), where

mj
T—cCr
I (1) ::]_[C — Vk=0,....m, 9)
r=0 "k Cr
rk

and the RHS of the ODE f;; := f(x;;, p,t;j). The numer-
ical values of D;.i) can be calculated very efficiently with
formulas provided in (Schneider and Werner 1986).

Approximating L is analogous to discretizing the dif-
ferential equation. This is done by replacing the integral
with a Radau quadrature rule of the form

I

where the quadrature weights are given by

el

M and the boundary constraints (3d) are approxi-
mated by replacing the values on the boundary with
their discretized equivalents, i.e. M (x(t9),x(tr),p) =
M (x00,Xnm,»p) and r(x(to),x(ts), p) = r(X00,Xnm,> P)
while the path constraints (3c) are evaluated at all nodes,
ie. g(x(tij), p.tij) =~ g(xij, p,tij)-

2.4 Training with Nonlinear Programming

L(x(1), p.1)dr ~ ZAth L(xij, p.ti), (10)

i=0 Jj=1

TCk

Vi=1,...om. (11

cj—ck
ki_]

By flattening the collocated dynamics (8), we obtain the
discretized DOP (3a)—(3d) of the form

n m;
min M (500, X, )+ ) Aty ) byL(xij. potiy) (122)

X;
i-P i=0  j=1



S.t.

m;
0= D\ xi—Atif(xij,potij) Vi¥j=1 (12b)

k=0
gh<gxiptij) <g¥ Vi,Vi>1 (12¢)
rt < r(x00,%um,, p) < r? (12d)

This large-scale NLP (12a)—(12d) can be implemented
and solved efficiently in nonlinear optimizers such as
Ipopt (Wichter and L. T. Biegler 2006), SNOPT (P. E. Gill
et al. 2007; Philip E. Gill, Murray, and Saunders 2005) or
KNITRO (Byrd, Nocedal, and Waltz 2006). These NLP
solvers exploit the sparsity of the problem as well as the
first and second order derivatives of the constraint vector
and objective function to converge quickly to a suitable
local optimum.

The open-source interior-point method Ipopt requires
the already mentioned first derivatives and, in addition,
the Hessian of the augmented Lagrangian at every itera-
tion. Since the derivatives only need to be evaluated at
the collocation nodes, there is no need to propagate them
as in traditional ODE solver-based training. Furthermore,
training with ODE solvers usually limits itself to first or-
der derivatives and therefore, does not utilize higher order
information as in the proposed approach.

The resulting so-called primal-dual system is then
solved using a linear solver for symmetric indefinite sys-
tems, such as the open-source solver MUMPS (Amestoy
et al. 2001) or a proprietary solver from the HSL suite
(HSL 2013), after which an optimization step is per-
formed. This step updates all variables x;;, p simultane-
ously, allowing for direct observation and adjustment of
intermediate values. In contrast, ODE solver training only
captures the final result after integrating the dynamics over
time, without the ability to directly influence intermediate
states during the optimization process. Because this lin-
ear system must be solved in every iteration anyway, high
order, stable, implicit Runge-Kutta collocation methods,
e.g. Radau ITA, can be embedded with only limited over-
head. As a result, the NLP formulation overcomes key
limitations of explicit ODE solvers in terms of order, sta-
bility, and allowable step size. Moreover, since the solver
performs primal and dual updates, the solution does not
need to remain feasible during the optimization, in con-
trast to ODE solver approaches where the dynamics (3b)
are enforced at all times through forward simulation. This
results in both advantages and disadvantages: On the one
hand, it enables more flexible and aggressive updates, po-
tentially accelerating convergence. On the other hand, it
may lead to intermediate solutions that temporarily vio-
late physical consistency or produce invalid function eval-
uations, which require careful handling.

For a comprehensive overview of nonlinear program-
ming, interior-point methods, and their application to
collocation-based dynamic optimization, we refer inter-
ested readers to (L. T. Biegler 2010) and the Ipopt imple-
mentation paper (Wichter and L. T. Biegler 2006).

2.5 Challenges and Practical Aspects

We identify four main challenges in training PeN-ODEs
using the proposed direct collocation and nonlinear pro-
gramming approach. These challenges are closely related
to those encountered in conventional PeN-ODE or general
NN training.

2.5.1 Grid Selection

The choice of time grid {tg,...,t,+1} and the number
of collocation nodes per interval m; are crucial for both
the accuracy and efficiency of the training process. In
practice, the grid can either be chosen equidistant or tai-
lored to the specific problem. While equidistant grids
are straightforward to implement and often sufficient for
well-behaved systems, non-equidistant grids may reduce
computational costs while capturing the dynamics more
efficiently. Placing more intervals with low degree col-
location polynomials in regions of rapid state change can
improve approximation quality without unnecessarily in-
creasing the problem size. Similarly, in well-behaved re-
gions, it is feasible to perform larger steps with more
collocation nodes. Because the collocation scheme and
grid are embedded into the NLP, these must be given a-
priori. This leaves room for future developments of adap-
tive mesh refinement methods with effective mesh size re-
duction, which have already shown great success for opti-
mal control problems (Zhao and Shang 2018; Liu, Hager,
and A. Rao 2015).

2.5.2 Initial Guesses

Due to the size and possible nonlinearity of the result-
ing NLP, the choice of initial guesses has a strong in-
fluence on convergence behavior. Unlike classical NN
training, where poor initialization primarily affects con-
vergence speed, the constrained nature of the transcribed
dynamic optimization problem can lead to poor local op-
tima or even solver failure. It is therefore of high impor-
tance to perform informed initializations for the states x;;
and, if possible, for the NN parameters p.

One practical approach to obtain the required param-
eter guesses is to first train the network on a small, rep-
resentative subset of the full dataset using constant ini-
tial values for both the states and parameters. The op-
timized parameters resulting from this reduced problem
then serve as informed initial guesses for the full training
problem. Consequently, the states are obtained by simu-
lation, i.e. x(¢) := ODESolve (¢(x,u,t, NNy (x,u,1),x0))
and x;; := x(t;;) for a given initial condition x(#9) = xo.
By construction, the collocated dynamic constraints (12b)
are satisfied, leading to improved convergence and stabil-
ity in the full NLP.

Clearly, this strategy does not work in general. How-
ever, in simple cases where the model can be decom-
posed and the NN’s input-output behavior is observable,
e.g. if model components should be replaced by a neu-
ral surrogate, the NN can be pre-trained using standard
gradient descent. This yields reasonable initial guesses



for the parameters and states by simulation, which can
then be integrated into the constrained optimization prob-
lem. Another pre-training strategy could be the collo-
cation technique proposed in (Roesch, Rackauckas, and
Stumpf 2021). Still, developing general, effective strate-
gies to obtain reasonable initial guesses is one of the key
challenges and limiting factors we identify for the general
application of this approach.

2.5.3 Batch-wise Training

Standard ML frameworks employ batch learning to effi-
ciently split up data. This is not as straightforward when
training with the approach described here. One might as-
sume that the entire dataset must be included in a single
discretized DOP. However, recent work (Shapovalova and
Tsay 2025) demonstrates that batch-wise training is pos-
sible and promises significant potential. The Alternating
Direction Method of Multipliers (ADMM) (Boyd et al.
2011) allows decomposing the optimization problem into
smaller subproblems that can be trained independently,
while enforcing consensus between them. This allows for
memory-efficient training and opens up the possibility of
handling larger models or learning from multiple data tra-
jectories simultaneously.

2.5.4 Training of Larger Networks

While computing Hessians of NN is generally expensive,
it is tractable for small networks. To reduce computational
effort for larger networks, it might be reasonable to use
partial Quasi-Newton approximations such as SR1, BFGS
or DFP (L. T. Biegler 2010) to approximate the dense parts
of the augmented Lagrangian Hessian H, e.g. the blocks
Hy,; p and Hpp, or solely Hpp. These blocks, which
contain derivatives with respect to the NN parameters,
are computationally expensive, while the block Hy,; x, .,
which contains second derivatives with respect to the col-
located states, is extremely sparse and comparably cheap.
A Quasi-Newton approximation of the block Hy,; x,; is
therefore disadvantageous. The sparsity can be exploited
by computing this block analytically and using it directly
in the Quasi-Newton update. An implementation of this
partial update using the SR1 Quasi-Newton method is
straightforward. Instead of one expensive symmetric rank-
one update for the entire Hessian H, one cheap symmetric
rank-one update for Hy), and one general rank-one update
for Hy,, p are needed.

This procedure significantly reduces the cost of the
Hessian, while still providing fairly detailed derivative in-
formation. SRI is particularly advantageous here, as it
can represent indefinite Hessians, which is favorable when
dealing with highly nonlinear functions.

Since our current examples perform well with small
NNs, we do not explore larger networks in this paper.
However, we anticipate that such Quasi-Newton strate-
gies will be necessary in future work with larger networks.
Very recent work (Lueg et al. 2025) independently ex-
presses similar ideas, highlighting the potential of the ap-

proach.

3 Implementation

The generic DOP (3a)-(3d) and its corresponding NLP
formulation (12a)—(12d) are implemented in the custom
open-source framework GDOPT (Langenkamp 2024),
which is publicly available.! For neural network training
the code has been extended, including predefined para-
metric blocks such as neural networks, support for data
trajectories and parallelized optimizations. This extended,
experimental version is also publicly available.?

3.1 GDOPT

GDOPT (General Dynamic Optimizer) consists of two
main components: an expressive Python-based package
gdopt and an efficient C++ library libgdopt. The Python
interface provides an user-friendly modeling environment
and performs symbolic differentiation and code genera-
tion. Symbolic expressions are optimized using common
subexpression elimination via SymEngine®, and the re-
sulting expressions together with first and second deriva-
tives are translated into efficient C++ callback functions
for runtime evaluation. In the present implementation,
all expressions are flattened, resulting in large code, espe-
cially for the Hessian. Note that keeping NNs vectorized
and employing symbolic differentiation rules with prede-
fined NN functions offers significant advantages.

The library libgdopt implements a generalized ver-
sion of the NLP (12a)—(12d) using Radau ITA collocation
schemes, while also supporting optimal control problems.
It is interfaced with Ipopt to solve the resulting nonlin-
ear programs. Both symbolic Jacobian and Hessian rely
on exact sparsity patterns discovered in the Python inter-
face. Additional functionality includes support for nom-
inal values, initial guesses, runtime parameters, mesh re-
finements, plotting utilities, and special functions. A de-
tailed overview of features and modeling is provided in
the GDOPT User’s Guide®.

Nevertheless, GDOPT lacks important capabilities that
established modeling languages and tools offer, such as
object-oriented, component-based modeling and support
for differential-algebraic equation (DAE) systems. It is
possible to model DAEs by introducing control variables
for algebraic variables. However, this approach increases
the workload and size of the NLP and may lead to insta-
bilities.

3.2 Parallel Callback Evaluations

Since in every optimization step, the function evaluations
as well as first and second derivatives of all NLP compo-
nents (12a)—(12d) must be provided to Ipopt, an efficient
callback evaluation is crucial to accelerate the training.

https://github.com/linuslangenkamp/GDOPT
’https://github.com/linuslangenkamp/GDOPT_DEV
Snttps://github.com/symengine/symengine
“https://github.com/linuslangenkamp/GDOPT/
blob/master/usersguide/usersguide.pdf
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Note that these callbacks themselves consist of the con-
tinuous functions evaluated at all collocation nodes. For
simplicity we write z;; := [x;;, p]” for the variables at a
given collocation node and, in addition,

Y(x,p.t):=[L(), f().g()]" (13)

for the vector of functions that are evaluated at all nodes.
Clearly, the required callbacks

l., Vel V.,

are independent with respect to the given collocation
nodes #;; and thus, allow for a straightforward paralleliza-
tion. In the extension of GDOPT, we use OpenMP (Chan-
dra et al. 2001) to parallelize the callback evaluations re-
quired by Ipopt. Depending on the specific callback, i.e.
objective function, constraint violation, gradient, Jaco-
bian, or Hessian of the augmented Lagrangian, a separate
omp parallel for loopisused to evaluate the corre-
sponding components at all collocation nodes. This design
results in a significant reduction in computation time, es-
pecially for the comparably expensive dense derivatives of
neural components.

Vivji>1

Zij

4 Performance

In order to test the proposed training method and paral-
lel implementation, two example problems are considered.
The first example is the Quarter Vehicle Model (QVM)
from (Kamp, Ultsch, and Brembeck 2023), where an
equation-based model is enhanced with small neural com-
ponents, such that physical behavior is represented more
accurately. The second example is a standard NODE,
where the dynamics of a Van-der-Pol oscillator (Roesch,
Rackauckas, and Stumpf 2021) are learned purely from
data. In both cases, the experimental setup closely follows
the configurations used in the respective paper. Training
is performed on a laptop running Ubuntu 24.04.2 with In-
tel Core i7-12800H (20 threads), 32 GB RAM and using
GCC v13.3.0 with flags -03 —-ffast-math for com-
pilation, while MUMPS (Amestoy et al. 2001) is used to
solve linear systems arising from Ipopt (Wichter and L. T.
Biegler 2006). All dependencies are free to use and open-
source.

4.1 Quarter Vehicle Model

We follow the presentation in (Kamp, Ultsch, and Brem-
beck 2023) for an overview of the model and the data
generation process. The Quarter Vehicle Model (QVM)
captures the vertical dynamics of a road vehicle by mod-
eling one wheel and the corresponding quarter of the ve-
hicle body. It consists of two masses connected by spring-
damper elements representing the suspension and tire dy-
namics. The linear base model is described by the differ-
ential equations Z, = u, Zp = Vp, Zy = Vyy, and

Vpi=ap = mgl (csAzg+dsAvy) (14a)
Vi 1= ay =my (¢ Az +diAv, — csAzg — dgAvg) (14b)

where Azg = 2y, — 2p, AV =V —Vp, AZr = 20 — 2o, AV =
u—v,. In addition, m,, is the mass of the wheel, my
is mass of the quarter body, and ¢y and d, are the co-
efficients of the linear spring-damper pair between these
masses, modeling the suspension. Furthermore, c¢; and d;
define an additional linear spring-damper pair between the
tire and ground. The state vector X = [2p, 2y, Vs Viws 2] L
contains the positions of the body z, and wheel z,,, their
velocities v, and vy, and the road height z,. The dif-
ferential road height z, = u is given as an input and the
observable outputs y = [a,,,ap| measure the wheel and
body accelerations. A corresponding Modelica model of
the linear QVM is depicted in Figure 1. (Kamp, Ultsch,
and Brembeck 2023)

exact=

Figure 1. Modelica Models of the Linear (without boxes) and
Neural (with boxes) QVM. Modified from T. Kamp.

4.1.1 Data Generation

The linear model is extended by introducing two addi-
tional nonlinear forces between both masses, a transla-
tional friction force F, and a progressive spring charac-
teristic F,. These nonlinear components are introduced
only for data generation, creating a more complicated,
nonlinear model whose behavior deviates from the known
base dynamics. Therefore, the differential equations (14a)
and (14b) become

Vp = mgl (CSAZS +dAvg +Fpr(AZs) +Ffr (AVS)) (15a)
Vy = mv_v1 (ctAzs +di Avy — csAzZs — dsAvy

- Pr(AZs) - Fyr (Avy)) (15b)

To generate data, a simulation of the nonlinear model for
an imitation of a realistic, rough road (ISO8608, Type D
(Mucka, Peter 2018)) is performed. The observables a,
and a,, as well as the states are disturbed by random Gaus-
sian noise and sampled with 1000 Hz for a 42 s trajectory
as in (Kamp, Ultsch, and Brembeck 2023).

4.1.2 Training Setup

The nonlinear components F s, (Avy) and Fp,, (Az) intro-
duced for data generation are replaced by two neural net-
work surrogates F ;Vr N(Avs) and FJN (Azy), illustrated in
Figure 1. The goal is to find suitable replacements that

minimize the mismatch between the simulated, disturbed



outputs d, and d, of the nonlinear model and the ob-
served data during the optimization. As discussed before,
we write this objective as an integral over the entire time
horizon, i.e.

& &b_ab 2 dw_aw 2
min/ + —) dr, (16)
To O-db O—&W

where 0, and o, are corresponding standard deviations
of the data, ensuring that both accelerations contribute
equally to the objective. Furthermore, it is known that
both force elements have a zero crossing and therefore,
the additional constraints

FRN(0)=0 and FpN(0)=0 (17)
are simply added to the optimization problem.

We employ three different training strategies. At first,
both feedforward neural networks are trained directly on
the full trajectory using randomly initialized parameters,
while the initial state guesses are obtained from a simula-
tion of the linear model (I). Each network has the structure
1x5— 5%5 — 5x1 and therefore, both nets contain just
92 parameters in total. We use the smooth squareplus ac-
tivation function

x+V1+x2
2

to ensure a twice continuously differentiable NN as re-
quired for Ipopt. In the second strategy (II), described in
Section 2.5.2, first an acceleration scheme is employed,
where the same networks are trained on a short segment
one eighth of the entire trajectory. After that, a simula-
tion of the neural QVM with the obtained parameters is
performed. The resulting states are used as initial guesses
in the subsequent optimization with full data. To show
that the surrogates need not be NNs and training can be
performed efficiently with other parameter-dependent ex-
pressions, the third strategy (III) uses rational functions
to model the unknown behavior. For instance, Fy, is re-
placed by

squareplus(x) := (18)

S owiTk (Avy)
ZkD:() 01Ty (Avy) ’

where Ty is the k-th Chebyshev polynomial, wy and 6y are
parameters to be optimized, and N and D are the numer-
ator and denominator degrees. For both rational functions
we choose N = D =7, resulting in a total of merely 32
learnable parameters.

Since the QVM contains very fast dynamics due to
high-frequency excitations, in all cases the time horizon
is divided into a tightly spaced, equidistant grid of 2500
intervals and using a constant 5-step Radau ITA colloca-
tion scheme of order 9. This leads to a total of 12500
collocation nodes and more than 2.7 x 10° nonzeros in the
Jacobian and roughly 4.73 x 10° nonzeros in the Hessian
of the large-scale NLP.

FRC (Av,) = 19)

4.1.3 Results

Table 1 presents the training times for all strategies. Each
optimization was run for a maximum of 150 NLP itera-
tions and was automatically terminated early if no further
significant improvement in objective could be achieved.
We want to stress that all trainings, performed on a laptop,
are executed in under 7 minutes, compared to 4.5 hours
for the fastest optimization in (Kamp, Ultsch, and Brem-
beck 2023) using ODE solver-based training. Clearly, this
is also due to the fact that smaller neural components are
used. Furthermore, Figure 2 depicts the objective value
with respect to training time, where both the first and sec-
ond optimizations of (II) are concatenated.

Strategy Total Ipopt Callbacks
@ 394.43 284.18 110.25
(ID) - initial ~ 26.75  15.08 11.67
(1) - final ~ 173.06 124.65 48.41
1)) 199.81 139.73 60.07
(T1m) 3496  27.10 7.85

Table 1. Training Times in Seconds

10' 4
Strategy (I)

Strategy (II) - initial

Strategy (II) - final
Strategy (IIT)

10° 4

Objective / Loss (log scale)

10—2 4

0 50 100 150 200 250 300 350 400

Training Time 7 [s]
Figure 2. Objective History with Respect to Training Time

Even though a poor initialization has been used and thus
the optimization required more time, the naive strategy (I)
converged stably to a suitable optimum with a similar ob-
jective as strategies (II) and (III). For this example, the
acceleration scheme (II) proves effective, since the initial
optimization for a shorter data trajectory takes just 26.75
s in total, and the subsequent initial guesses for states and
parameters become very good approximations of the real
solution. This can be observed in Figure 3 and Figure 4,
where the resulting neural surrogates are depicted. By per-
forming the second optimization, (II) effectively halves
the time required by strategy (I), i.e. less than 3.5 min-
utes, and furthermore results in indistinguishable neural
components.

Moreover, as seen in Figure 3 and Figure 4, the result-
ing very small NNs match the reference in almost perfect
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Figure 3. Neural and Reference Damper Characteristics
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Figure 4. Neural and Reference Spring Characteristics

accordance, correctly representing highly nonlinear parts
of the damper. These also generalize in a very natural way,
as can be seen from the behavior outside the vertical dotted
lines, which represent the first and second standard devia-
tions of the inputs to the nets. Performing simulations on
a new, unknown input road shows that the obtained PeN-
ODE from (II) matches the nonlinear reference model per-
fectly, as illustrated in Figure 5. Note that, our character-
istics of the damper and spring serve as even better sur-
rogates than those reported in (Kamp, Ultsch, and Brem-
beck 2023), despite using significantly smaller networks
and requiring considerably shorter training times. While
(Kamp, Ultsch, and Brembeck 2023) relied on larger mod-
els with longer ODE solver-based training, our approach
yields more accurate and better-generalizing results.

By having principal knowledge of the underlying char-
acteristics shown in Figure 3 and Figure 4, it is possible to
model observed behavior with minimal parameters. Since
the number of Hessian nonzeros grows quadratically with
the number of parameters, such knowledge of the proce-
dure can greatly benefit both training time and surrogate
quality. Therefore, consider simple rational functions as
an educated guess for both missing components. This
optimization, with 32 instead of 92 free parameters, is
performed in under 35 seconds without any acceleration
strategy. Moreover, the obtained surrogates are of mostly
equal quality to the NN components from (II), although

Nonlinear Model (ref.)
—— Data

PeNODE
—:—- Linear Model

Body Acceleration a; [m/s?]

—1.04

49.3 49.4 49.5 49.6 49.7

Simulation Time 7 [s]

49.0 49.1 49.2

Figure 5. Body Accelerations a; for Simulations of PeNODE
and Standard Models on a Type C Road (Mucka, Peter 2018)

Figure 4 shows that the rational function does not gener-
alize as well. Nevertheless, these results demonstrate that
unknown behavior may be expressed with fewer parame-
ters and yield equivalent quality.

4.1.4 Parallel Implementation

Finally, it is stressed that the parallel implementation, de-
scribed in Section 3.2, leads to 5.44 times less time taken
in the generated function callbacks. This yields a total
training time that is more than halved and clearly shows
that the implementation efficiently exploits the indepen-
dence of collocation nodes.

Method Total Ipopt Callbacks
GDOPT (default) 385.90 122.52 263.38
GDOPT (parallel) 173.06 124.65 48.41

Table 2. Comparison of Parallel and Sequential Optimization
Times in Seconds of (II) - final

4.2 Van-der-Pol Oscillator

To illustrate the ability of learning a full NODE, we fol-
low an example from (Roesch, Rackauckas, and Stumpf
2021), where a different kind of collocation method was
proposed. This method approximates the RHS of the
ODE with data, thus enabling faster, unconstrained train-
ing without the need for ODE solvers. Consider the Van-
der-Pol (VdP) oscillator

(20a)
(20b)

Xx=y
y‘=ﬂy(1—x2)—x

with u = 1 and initial conditions x(¢y) = 2 and y(zy9) = 0.
Data generation is performed by simulating the dynamics
with OpenModelica (Fritzson, Pop, Abdelhak, et al. 2020)
on an equidistant grid with 200 intervals and artificially
perturbing the observed states by additive Gaussian noise.
To test sensitivities of the approach, we use 3 different



levels of noise N (0,0) to disturb the observable states,

i.e. no noise (o = 0), low noise (o = 0.1) and high noise
(o =0.5).

The continuous DOP has the form

: v 2, /4 2 2
min (Eo=x)"+(Fo—y) de+pll; (2la)
Px.Py to
S.t.
X=NN, (x,y) (21b)
y=NNp, (x,y) 2le)
x(to) =2, y(t) =0, (21d)

where £,,95 is the disturbed state data, NNy (x,y),
NNIfy (x,y) are neural networks of the architecture 2 x
5 = 5%5 — 5x 1 with sigmoid activation function, p =
[px,py]T are 102 learnable parameters, while 4 > 0 is a
regularization factor to enhance stability.

As in (Roesch, Rackauckas, and Stumpf 2021), the
training is performed on a 7 second time horizon, thus
including a little over one period of the oscillator. Fur-
thermore, 500 intervals and the 5-step Radau IIA method
of order 9 are used. The initial guesses for the state vari-
ables are trivially chosen as the constant initial condition
and the NN parameters are initialized randomly. No accel-
eration strategy or simulation is used for educated initial
guesses. We set a maximum number of Ipopt iterations /
epochs of 200 and an optimality tolerance of 1077,

4.2.1 Results

In almost all cases, the optimization terminates prema-
turely, since the optimality tolerance is fulfilled and thus,
a local optimum was found. The corresponding training
times are displayed in Table 3. Note that, because the high
noise (o = 0.5) leads to larger objective values, the regu-
larization A is increased in this case. Nevertheless, the op-
timization with a total of 2500 discrete nodes is very rapid
and terminates in several seconds from an extremely poor
initial guess, while in some instances runs settle in poor
local optima. Clearly, more reasonable initial guesses and
sophisticated initialization strategies will further enhance
these times and stability.

o A Total Ipopt Callbacks #Epochs
0 107* 817 595 222 80
0.1 107* 7.69 5.60 2.09 76
0.5 107° 1349 9.79 3.70 134

Table 3. Training Times (in seconds) and Number of Ipopt Iter-
ations / Epochs of the Van-der-Pol Oscillator NNs

Figure 6 presents the simulation results and training
data for various levels of noise. It is evident that for no or
low noise, the solution obtained is virtually indistinguish-
able from the reference, which is quite impressive. Even
with high noise (o = 0.5), the Neural ODE remains close

to the true solution, showing significantly better perfor-
mance compared to the results reported in (Roesch, Rack-
auckas, and Stumpf 2021), where NODE and reference do
not align for o > 0.2. While smaller neural networks are
employed here, these compact models still demonstrate
exemplary performance and fast training, highlighting the
effectiveness of the approach under severe noise.

e FExact Solution (ref.)

NODE ¢ =0

NODE ¢ = 0.1

»  Noise 0 = 0.1
NODE ¢ = 0.5
Noise 6 = 0.5

15
Time

IIO ZIO 2IS 3I0

Figure 6. Simulation Results of the Neural and Reference Mod-
els as well as the Data for y(r)

To verify the robustness of the training procedure,
a comprehensive sensitivity analysis, consisting of 100
training runs for each noise level, was conducted. The re-
sults, detailed in the Appendix and Figure 10, demonstrate
that while all runs converge perfectly for the no-noise case
(0 =0) and approximately 95% show excellent agreement
under low noise (o = 0.1), as expected the robustness di-
minishes with high noise (o = 0.5). In these cases, sev-
eral runs converge to poor local optima or fail to converge,
leading to solutions with noticeable period and amplitude
mismatches or an outright collapse of the trajectory.

To further illustrate the obtained NODEs, we compare
the learned and true vector fields of the ODE

x NNy (x.y) x y
B g W PRTE B

NODE (o =0.5)

<
N

Reference

Figure 7. Neural (o = 0.5) and Reference Vector Fields of the
ODE and the Exact VdP Trajectory (dashed)

In Figure 7, we show the high-noise NODE, its train-

ing data, and the true vector field. Despite the heavily



scattered observable states, the NODE still manages to re-
cover a vector field that aligns well with the true dynamics
in the vicinity of the solution trajectory.

Further comparison is given in Figure 8, where the
scalar fields visualize the 2-norm error between the neu-
ral and reference vector fields. The low-noise NODE
(o =0.1) yields way smaller error values along the tra-
jectory, but even the high-noise model produces a fairly
accurate vector field in regions close to available training
data. As expected, generalization outside this domain re-
mains limited, but within the training region, the results
demonstrate strong consistency.

NODE (o = 0.5)

NODE (o =0.1)

Figure 8. Scalar Fields Representing the 2-Norm Error Between
the Neural (o = 0.5, o =0.1) and Reference Vector Fields (Val-
ues > 6 are white)

In addition to the local collocation approach with 500
intervals, we also reproduce the results in (Shapoval-
ova and Tsay 2025) using a global, spectral collocation
method. We employ a single interval with 70 fLGR nodes,
corresponding to Radau ITA of order 139. This high-order
global formulation yields an approximation of equal qual-
ity to the figures above, even under high noise (o = 0.5).
Furthermore, the optimization terminates in outstandingly
fast time, i.e. under 1.2 seconds. This demonstrates the re-
markable efficiency and accuracy of spectral methods for
such smooth problems.

Neural Network \
Component

5 Future Work

Although OpenModelica currently includes an optimiza-
tion runtime implementing direct collocation (Ruge et al.
2014), it remains limited to basic features: it supports only
1- or 3-step Radau IIA collocation, does not allow pa-
rameter optimization, lacks analytic Hessians, and does
not perform parallel callbacks. To overcome these limi-
tations, work is underway to embed an extended version
of libgdopt into OpenModelica. This integration com-
bines recent developments from GDOPT with the existing
strengths of OpenModelica, particularly its native ability
to handle DAEs. The extended framework enables expres-
sive Modelica-based modeling, native support of neural
components via the NeuralNetwork Modelica library and
incorporates recent advancements in mesh refinement for
optimal control problems (Langenkamp 2024).

5.1 NeuralNetwork Modelica Library

The NeuralNetwork library, originally developed in
(Codeca and Casella 2006), is an open-source Model-
ica library’> modeling ML architectures with pure Mod-
elica. Neural components can be constructed by connect-
ing dense feedforward layers of arbitrary size with lay-
ers for PCA, standardizing, or scaling. These blocks con-
tain all equations and parameters as pure Modelica code,
which makes seamless integration of neural components
into existing Modelica models straightforward. Together
with this library, OpenModelica will enable modeling and
training of PeN-ODEs within a single development envi-
ronment.

5.2 Workflow

The workflow presented in Figure 9 illustrates the in-
tended process for native Modelica-based modeling and
training of PeN-ODEs. While some components of the
workflow are operational, the full integration is still un-
der active development. Users model physical systems
and NN components with free parameters directly in Mod-
elica and provide corresponding data. Both the model

Shttps://github.com/AMIT-HSBI/NeuralNetwork
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Figure 9. OpenModelica Workflow for PeN-ODE Training (under development)
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and data are processed by the standard OpenModelica
pipeline, while the OpenModelica Compiler (OMC) gen-
erates fast C code. The new backend of OMC intro-
duces efficient array-size-independent symbolic manipu-
lation (Abdelhak, Casella, and Bachmann 2023). Ongoing
work further targets resizability of components after com-
pilation (Abdelhak and Bachmann 2025), offering signifi-
cant benefits for array-based components such as NNs.

Furthermore, current work focuses on leveraging the
generated simulation code to enable fast callback func-
tions for a new optimization runtime. After training, the
optimal parameters are directly inserted into a NN block,
enabling immediate simulations by swapping connectors.

This workflow removes the need for export and import
steps for neural components and models, e.g. in the form
of a Functional Mock-up Unit (FMU). It also eliminates
reliance on external training routines in Julia or Python
and avoids external C functions in the model, since the
neural components are pure Modelica blocks. This inte-
grated workflow unifies modeling, training, and simula-
tion within a single toolchain, enabling free and accessible
optimizations.

5.3 Neural DAEs

One of the main advantages of the integration into Open-
Modelica is the native ability to handle DAEs. Modelica
compilers such as OpenModelica systematically apply in-
dex reduction and block-lower triangular (BLT) transfor-
mations to restructure DAEs into semi-explicit ODE form
with index 1 (Ruge et al. 2014; Akesson et al. 2012). As
the simulation code already resolves algebraic variables
during evaluations, no additional handling, e.g. inclusion
of algebraic variables in the NLP, is needed on the op-
timization side. This allows the new training workflow to
seamlessly extend from ODEs to DAE:s, far surpassing the
current range of applications.

6 Conclusion

This paper proposes a formulation of PeN-ODE training
as a collocation-based NLP, simultaneously optimizing
states and NN parameters. The approach overcomes key
limitations of ODE solver-based training in terms of order,
stability, accuracy, and allowable step size. The NLP uses
high order quadrature for the NN loss, potentially preserv-
ing the accuracy of the discretization. We demonstrate that
known physical behavior can be trivially enforced.

We provide an open-source parallelized extension to
GDOPT and on two example problems demonstrate ex-
emplary accuracy, training times, and generalization with
smaller NNs compared to other training techniques, even
under significant noise. Furthermore, we show that the ap-
proach allows for efficient optimization of other parameter
dependent surrogates.

Key limitations and challenges of the proposed method,
including grid selection and general initialization strate-
gies to increase stability, as well as training with larger
datasets and networks are identified. Addressing and eval-

uating these issues in future work is essential to support
broader applicability. To enable accessible training of
Neural DAEs, without relying on external tools, work is
underway to implement the method in OpenModelica.
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Appendix: Sensitivity Analysis and Robustness of VAP Neural ODEs
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Figure 10. Sensitivity analysis of the learned Van-der-Pol (VdP) Neural ODE:s to different levels of Gaussian noise. For each noise
level, 100 training sessions were performed with random initial guesses for the neural network parameters and a random seed for the
data perturbation. The plots show the simulation results for the observable state y(t) over an extended time horizon of 32 seconds.
Each subplot consists of two panels: The top panel visualizes the reference solution (dashed black line), the median of the 100
learned solutions, and the 25-75% and 10-90% percentile bands. The bottom panel shows all 100 individual learned trajectories
(faint lines). (a) No noise (o = 0): The method demonstrates full robustness and perfect convergence, with all 100 solutions
converging to the exact reference solution. (b) Low noise (o- = 0.1): The method remains highly robust. A vast majority of the
solutions (approximately 95%) form a tight band around the reference, showing excellent agreement. (c) High noise (o = 0.5):
As expected under severe noise, the robustness is reduced. While many solutions remain relatively close to the reference, some
diverge significantly, indicating a failure to find a good local optimum during training. The solutions that do converge often show a
period mismatch or diverge after a few periods, but still capture the general oscillatory behavior. The combined effects of reduced
solution quality and an inaccurate period are reflected in the median and percentile bands, which exhibit a noticeable deviation in
amplitude and phase after three periods compared to the true trajectory.



